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Abstract: Stability criteria have recently been developed for coevolu-
tionary Lotka-Volterra systems where individual fitness functions are as-
sumed to be linear in the population state. We extend these criteria as
part of a general theory of coevolution (that combines effects of ecology and
evolution) based on arbitrary (i.e. nonlinear) fitness functions and a finite
number of individual phenotypes. The central role of the stationary density
surface where species’ densities are at equilibrium is emphasized. In particu-
lar, for monomorphic resident systems, it is shown coevolutionary stability is
equivalent to ecological stability combined with evolutionary stability on the
stationary density surface. Also discussed is how our theory relates to recent
treatments of phenotypic coevolution via adaptive dynamics when there is a
continuum of individual phenotypes.

Keywords: ecological stability, evolutionary stability, phenotypic evolu-
tion, stationary density surface.

2



1 Introduction

Coevolution is a broad topic connecting the study of individual traits within
biological populations to the study of ecosystems based on interactions (in
general, both inter- and intraspecific) among these populations. The the-
ory of coevolution attempts to model how these coupled systems will evolve
and, in particular, to predict the eventual outcome of the coevolution es-
pecially when the model contains a stable equilibrium. An early success of
coevolutionary theory is its application to models of single-species natural
selection at a single diploid locus when an individual’s fitness depends only
on its genotype and the species’ density (i.e. the population size). Ginzburg
(1983) (see also Roughgarden, 1979) shows that the distribution of pheno-
typic traits is expected to evolve to an equilibrium that can be determined
by studying separately the classical theory of natural selection (that ignores
density effects) and the elementary theory of single species population dy-
namics.1 This separation of evolutionary (i.e. phenotypic) and ecological
(i.e. density) effects suggests the fundamental conceptual process of coevo-
lution is more amenable to mathematical analysis than would otherwise be
expected.
This early success was repeated for several nongenetic models of coevolu-

tion (including some multi-species ecosystems) where evolutionary and eco-
logical effects are analyzed separately (see Roughgarden (1983) and the ref-
erences therein). A common theme in the treatments of both coevolutionary
natural selection and these special nongenetic models is to assume population
densities track their stationary values (called the stationary density surface in
this paper) for a given set of species’ traits. This assumption is a more sophis-
ticated version of the intuitively appealing idea that, since the evolution of
population densities takes place on a much faster time scale (ecological time)
than that of species’ traits (evolutionary time), trait values can be taken as
fixed parameters when studying the dynamics of population densities (or vice
versa). The latter approach has been used regularly in both practical models
of specific coevolutionary systems as well as general theoretical models (e.g.
Riechert and Hammerstein, 1983). Either assumption effectively decreases
the mathematical complexity of analyzing the underlying dynamical system
that ultimately depends on coupled descriptions of both traits and densities.

1Specifically, a stable equilibrium of the coevolutionary model has its genotypic fre-
quencies at a stable equilibrium of the classical model obtained by assuming density is
fixed at its stationary value that locally maximizes population size.
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It is also well documented (e.g. Abrams et al., 1993; Cressman, 1996) that
both have the potential to give misleading insights into the eventual outcome
of general coevolutionary systems.
Nevertheless, there continues to be a widespread conviction that the sta-

tionary density surface technique can be used to predict stable trait distri-
butions in asexual phenotypic models as well as in quantitative population
genetics (see the review article of Abrams, 2001). In particular, Marrow et
al. (1996) (see also Dieckmann and Law, 1996) analyze stability of their
“canonical equation” as a first-order approximation of the evolution of mean
phenotypes while Cohen et al. (1999) arrive at analogous stability criteria
for the coupled coevolutionary system. Both of these dynamics (and many
others in the recent coevolutionary literature) are fundamentally based on
the condition that population densities track the stationary density surface
as a consequence of the assumed fast-slow dichotomy of ecological versus
evolutionary time scales.
It is our contention that the stationary density surface remains of cen-

tral importance for arbitrary relationships between the coevolutionary time
scales. As a byproduct, the importance of theoretical results for models
that do assume a separation of time scales is also enhanced. A convinc-
ing argument to justify these facts requires a thorough understanding of
how dynamics on the stationary density surface are related to the coupled
phenotype-density dynamics of the complete coevolutionary system. That
is the purpose of this paper. Our basic biological result (see Theorems 2
to 4) then shows that the stationary density surface emerges naturally from
the stability analysis of the coupled multi-species coevolutionary system. In
particular, there is no need for some artificial assumption of different coevo-
lutionary time scales.
The setting for our coevolutionary model is a multi-species asexual ecosys-

tem where each species has a continuously varying mean population trait.
This mean phenotype is the expected value of the discrete probability dis-
tribution of individual phenotypes with a finite set of possible traits.2 The
separation of evolutionary and ecological effects as well as the emergence

2Much of the literature cited above related to the canonical equation for the evolution
of mean phenotypes is based on individual phenotypes coming from a continuous set of
possibilities that can incorporate small mutational effects in an individual’s phenotype.
The evolution of mean phenotypes is then often labelled as an “adaptive” or “strategy”
dynamic. We postpone until the discussion in the final section how our results are related
to these adaptive dynamics.
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of the stationary density surface is most complete when all individuals in a
given species exhibit the same phenotype at equilibrium (the monomorphic
model of Section 3). The results there are based entirely on those of the gen-
eral (polymorphic) model of Section 2 that requires a detailed mathematical
analysis.

2 The Polymorphic Model

In both the monomorphic and polymorphic models, the dynamic coevolu-
tionary equation in continuous time (e.g. (1) below) takes the perspective
commonly used in population biology that the rate of change of a particular
type is equal to its current population size times its fitness. To make this
precise, we need to introduce some notation.
In the polymorphic model, individuals in each species may exhibit one

of an arbitrary, but finite, number of possible phenotypes (these phenotypes
are also called strategies). Suppose there are N species and species k has
mk possible phenotypes. Let nki be the number of individuals in species k
exhibiting the ith pure strategy.3 The state of the coevolutionary system is
then given by the vector (n11, ..., n

1
m1
, n21, ..., n

2
m2
, ..., nN1 , ..., n

N
mN ) of strategy

numbers that is also denoted as n ≡ (n1, n2, ..., nN ) where nk ≡ (nk1, ..., nkmk
)

is the vector of strategy numbers in species k. We assume the fitness of
an individual in species k exhibiting the ith pure strategy depends on the
state and is denoted by fki (n

1
1, ..., n

1
m1
, n21, ..., n

2
m2
, ..., nN1 , ..., n

N
mN ) = fki (n).

The continuous-time polymorphic dynamic is the following standard dynamic
from population biology, that translates individual fitness into the per capita
growth rate

ṅki = nki f
k
i (n), (1)

where the left-hand side is the derivative of nki with respect to t.
This system of m ≡ PN

k=1mk ordinary differential equations leaves the
nonnegativem−dimensional orthantRm

≥0 ≡ {(n11, ..., n1m1
, n21, ..., n

2
m2
, ..., nN1 , ..., n

N
mN ) |

nki ≥ 0 for 1 ≤ k ≤ N and 1 ≤ i ≤ mk} invariant as well as its interior (i.e.
the positive orthant Rm

>0) and any of its lower-dimensional faces. One such
face that is of special importance corresponds to the resident system con-
sidered extensively throughout the paper. We are particularly interested in
the stability of an equilibrium n∗ of this dynamic in which all species are

3Thus, nki is a function of time t. This dependence is usually notationally suppressed.
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present.4 Our initial approach to this question follows the standard lin-
earization method such as that used by Vincent et al. (1996) for this same
coevolutionary model but in different notation. In particular, we require that
all fitness functions fki (n) be continuously differentiable with respect to the
state n of the system.
An equilibrium n∗ of (1) satisfies either n∗ki = 0 or fki (n

∗) = 0 for all i
and k. If n∗ is a completely polymorphic equilibrium (i.e. n∗ki > 0 for all i
and k), then fki (n

∗) = 0 for all i and k at such an n∗. Otherwise, we call the
system restricted to those strategies with positive n∗ki the resident system
and consider the other strategies as constituting the invading system. In
either case, we assume stability of the system restricted to those strategies
with n∗ki > 0 is determined by linearization in that no eigenvalue of this
linearization has zero real part. In mathematical terms, this is given by

Assumption I. n∗ is a hyperbolic equilibrium of the resident system.

Thus, the equilibrium of the resident system is locally asymptotically stable
if all eigenvalues have negative real part and unstable otherwise.
In this section, we analyze when a locally asymptotically stable resident

system remains locally asymptotically stable under invasion. Thus, we do
not consider completely polymorphic equilibria here. The first step is to
linearize (1) about n∗. To this end, reorder the pure strategies so that the
strategies of all resident phenotypes are listed before those of the invading
system. The notation becomes somewhat cumbersome so we will start with
a single species analysis which allows us to drop the superscript k throughout
the following section.

2.1 The Single-Species Polymorphic Model - Mathe-
matical Analysis

Suppose the resident system has σ strategies (where 1 ≤ σ < m1) present
at the equilibrium n∗ and is invaded by µ ≡ m1 − σ strategies. With the
strategies reordered if necessary, the linearization of (1) about n∗ (Vincent

4That is, for each 1 ≤ k ≤ N , n∗ki > 0 for at least one i. Our method to analyze
stability also applies to equilibria where some (but not all) species are absent.
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et al., 1996) is

ṅ1
...
ṅσ
ṅσ+1
...

ṅσ+µ


∼=



n∗1
∂f1
∂n1

· · · n∗1
∂fσ
∂n1

n∗1
∂fσ+1
∂n1

· · · n∗1
∂fσ+µ
∂n1

...
...

...
...

n∗σ
∂f1
∂nσ

· · · n∗σ
∂fσ
∂nσ

n∗σ
∂fσ+1
∂nσ

· · · n∗σ
∂fσ+µ
∂nσ

0 · · · 0 fσ+1(n
∗) · · · 0

...
...

...
. . .

...
0 · · · 0 0 · · · fσ+µ(n

∗)





n1 − n∗1
...

nσ − n∗σ
nσ+1
...

nσ+µ


(2)

where all partial derivatives are evaluated at n∗ throughout this section.
Let JRR be the σ × σ matrix with entries JRR

ij ≡ ∂fi(n
∗)

∂nj
for 1 ≤ i, j ≤ σ

and diag(n∗1, ..., n
∗
σ) be the σ×σ diagonal matrix with entries n∗1, ..., n

∗
σ down

the main diagonal. The eigenvalues of the m1 ×m1 upper block triangular
Jacobian matrix on the right-hand side of (2) are those of the σ × σ ma-
trix diag(n∗1, ..., n

∗
σ)J

RR plus the diagonal entries fσ+1(n∗), ..., fσ+µ(n∗). All
eigenvalues of diag(n∗1, ..., n

∗
σ)J

RR have negative real part since this is the Ja-
cobian of the resident system which is assumed to be asymptotically stable
and hyperbolic. Thus n∗ is locally asymptotically stable if fσ+i(n∗) < 0 for
all 1 ≤ i ≤ µ. This corresponds to the well-known fact that the resident equi-
librium remains locally asymptotically stable if every invading phenotype is
less fit than the residents at equilibrium.
It is much less well-known what happens if the resident system is simulta-

neously invaded by a system of selectively neutral strategies (i.e. fσ+i(n∗) = 0
for all 1 ≤ i ≤ µ).5 As we will see later (Theorem 2 of Section 2.2) the bi-
ological answer to asymptotic stability of (1) comes from the introduction
of the stationary density surface. To justify this answer first requires the
complete mathematical characterization of asymptotic stability (Theorem 1
below).6 The following lemma, which is needed in Theorem 1 to characterize
asymptotic stability with respect to the selectively neutral mutants, gives
the fundamental mathematical result based on the concept of a B-matrix. A
µ×µ matrix J is a B-matrix (see also Remark 1 below) if Xi

Pµ
j=1 JijXj < 0

5Selectively neutral mutants arise naturally in evolutionary game theory models, espe-
cially when individual phenotypes are mixed strategies (see Section 3.2 below).

6The mathematical details in the remainder of Section 2.1 and in the proof of Theo-
rem 2 can be omitted without losing the continuity of the presentation. This was done
deliberately so that interested readers can gain an appreciation for the importance of the
stationary density surface without becoming mired in mathematical techniques.
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for some i whenever X is a nonzero element of Rµ
≥0.

Lemma 1 Suppose the single-species polymorphic dynamic (1) restricted to
the σ−dimensional resident system is locally asymptotically stable at a hyper-
bolic equilibrium n∗ and that it is invaded by a system of µ selectively neutral
strategies. Define JIR, JRI and JII in analogy to JRR as the matrices of
the appropriate sizes whose entries are partial derivatives of the form ∂fi(n∗)

∂nj

(e.g. JIR is the µ × σ matrix with entries JIR
ij ≡ ∂fσ+i(n∗)

∂nj
giving the rate

of change in individual fitness of the ith invading strategy with respect to the
number of individuals using the jth resident strategy). If the µ × µ matrix
J ≡ JII − JIR

¡
JRR

¢−1
JRI is a B-matrix, then n∗ is locally asymptotically

stable.

Proof of Lemma 1. Since the linearization of (1) about n∗ has σ eigen-
values with negative real part together with eigenvalue 0 of multiplicity µ,
there is a µ−dimensional invariant surface through n∗ tangent to the zero
eigenspace, called the center manifold, on which the stability of n∗ is deter-
mined. To calculate this centre manifold, we first change variables so that

the linearization (2) is block diagonal. Specifically, let X ≡

 nσ+1
...

nσ+µ

 and
Y ≡

 n1 − n∗1
...

nσ − n∗σ

+ (JRR)−1JRIX. From (1) and Taylor’s expansion,

ṅi = ni

Ã
σX

j=1

∂fi
∂nj

(nj − n∗j) +
σ+µX

j=σ+1

∂fi
∂nj

(nj) + h.o.t.

!
where the higher order terms are at least quadratic in (nj − n∗j). Thus,

Ẋ = diag(X)
¡
JIR

¡
Y − (JRR)−1JRIX

¢
+ JIIX + h.o.t.

¢
Ẏ = diag(n1, ..., nσ)

¡
JRR

¡
Y − (JRR)−1JRIX

¢
+ JRIX + h.o.t.

¢
= diag(n1, ..., nσ)

¡
JRRY + h.o.t.

¢
.

The linearization is now
·
Ẋ

Ẏ

¸
=

·
0 0
0 diag(n∗1, ..., n

∗
σ)J

RR

¸ ·
X
Y

¸
where

these 0’s are the zero matrices of the appropriate size.
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Centre manifold theory (Carr, 1981; Cressman, 1992) implies the invari-
ant surface has the form Y = h(X) where h(X) has no linear terms in X
and that n∗ is locally asymptotically stable for (1) if and only if X = 0 is
locally asymptotically stable for the dynamic

Ẋ = diag(X)
¡
(JII − JIR(JRR)−1JRI)X + JIRh(X) + h.o.t.

¢
(3)

restricted to the nonnegative orthant Rµ
≥0. Since diag(X)

¡
JIRh(X) + h.o.t.

¢
has no linear or quadratic dependence in X, this term can be ignored when
applying Molchanov’s Theorem (Golster, 1997) which states that X = 0 is
locally asymptotically stable if J ≡ JII − JIR(JRR)−1JRI is a B-matrix.

Remark 1 The µ× µ matrix J given in Lemma 1 is well-defined since the
non-zero determinant of diag(n∗1, ..., n

∗
σ)J

RR equals (
Q

n∗i ) det
¡
JRR

¢
and so

JRR is invertible. Hofbauer and Sigmund (1998) provides a good reference for
the B-matrix concept and its biological significance. In particular, when µ =
1, the B-matrix condition is satisfied if and only if its single entry is negative.
If σ = 1 in addition, Lemma 1 then asserts (n∗1, 0) is a locally asymptotically
stable equilibrium of (1) when ∂f1

∂n1
< 0 and ∂f1

∂n1

∂f2
∂n2
− ∂f1

∂n2

∂f2
∂n1

> 0, the latter
being an appealing mathematical inequality in terms of the determinant of
a 2 × 2 matrix of fitness changes. However, this inequality is difficult to
immediately interpret from a biological perspective. The situation seemingly
worsens as σ and/or µ increases.
There is a partial converse of Lemma 1 (Golster, 1997). If J is not a

B-matrix, then there is an invariant ray generated by a nonzero element X
of Rµ

≥0 such that Xi

Pµ
j=1 JijXj = λiXi for all i with λ = 0 or λ = 1. In the

latter case, n∗ is an unstable equilibrium of (1). In the former case, such an
X will be called a zero ray. If there is a zero ray but no invariant ray with
λ = 1, then higher order terms in the expansion of (3) about X = 0 must be
considered to determine stability. The analysis of these higher order terms is
beyond the scope of this paper.7

Now suppose n∗ is a hyperbolic equilibrium of the resident system. By
the eigenvalue analysis discussed before Lemma 1, n∗ will be locally asymp-
totically stable for (1) if and only if it is locally asymptotically stable for the

7In the special case where individual fitnesses fki (n) are linear functions of the popula-
tion state n, Cressman and Garay (2002) defined the N−species coevolutionary system (1)
as a polymorphic evolutionary Lotka-Volterra system and showed that n∗ was not locally
asymptotically stable when a zero ray existed. That is, in these circumstances, the final
statement of Lemma 1 can be strengthened to “J is a B-matrix if and only if n∗ is locally
asymptotically stable”.
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polymorphic system that combines the resident strategies with the selectively
neutral invading strategies. This latter stability is then analyzed by Lemma
1. To avoid possible complications that can arise in the converse of Lemma
1 when zero rays exist, we make the following assumption.

Assumption II. The selectively neutral invading system has no zero rays.

Assumption II for the selectively neutral invading system (that implies there
are no linear terms in the dynamic (3)) parallels Assumption I for the lin-
earization of (1) restricted to the resident system. That is, the quadratic
terms of (3) completely determine its asymptotic stability under Assumption
II just as linearization completely determines asymptotic stability of the res-
ident system under Assumption II. Assumption II is also related to stability
of adaptive dynamics (see (11) in Section 3.4 below) in that there the sec-
ond order partial derivatives are sufficient to analyze stability of the terminal
state of the system.
The following theorem then summarizes the above stability analysis. The

statement also holds when n∗ is a completely polymorphic equilibrium (i.e.
µ = 0) since conditions (ii) and (iii) are void when there are no invading
strategies.

Theorem 1 Let n∗ be an equilibrium, with σ > 0 resident strategies and
µ invading strategies, of the single-species polymorphic dynamic (1) where
Assumptions I and II are valid. Then n∗ is locally asymptotically stable if
and only if it satisfies the following three conditions.
(i) n∗ is a locally asymptotically stable equilibrium of the resident system.
(ii) No invading strategy is more fit than the resident strategies at equi-

librium (i.e. fσ+i(n∗) ≤ 0 for all 1 ≤ i ≤ µ).
(iii) The matrix J ≡ JII−JIR(JRR)−1JRI corresponding to the selectively

neutral invading system is a B-matrix.

The biological interpretation of the first two conditions of the theorem is
quite clear from the discussion at the beginning of this section. Condition (ii)
is a version of what Vincent et al. (1996) call the ESS Maximum Principle. It
is also closely related to the Nash equilibrium condition of evolutionary game
theory which, in our setting, states that no phenotype has a higher fitness
than the average population fitness at equilibrium. It is condition (iii) that
has no immediately obvious biological interpretation in terms of phenotypic
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fitness (see Remark 1) other than to state it guarantees that simultaneous se-
lectively neutral mutants die out in the coevolutionary dynamic. Fortunately,
this third condition can be given in biological terms (see Theorem 2 below)
by rewriting (1) in terms of species’ densities and their mean phenotypes in
the following section.
Before doing so, it is important to note that, from the mathematical per-

spective, the full N−species coevolutionary system (1) is equivalent to the
single-species system with m ≡ P

mk strategies. By reordering these m
strategies so that the resident phenotypes of all species are listed before any
invading phenotypes, the results of Theorem 1 apply equally to an equilib-
rium n∗ of the N−species polymorphic system that satisfies Assumptions
I and II. The only difference notationally is whether or not to include the
superscript k to indicate what species a given individual phenotype, fitness
function etc. is from. A similar point is made by Vincent et al. (1996)
where great pains are taken to discuss how to distinguish fitness functions
for separate species.
To summarize, if one is only interested in the mathematical characteriza-

tion of stability in our coevolutionary systems, Theorem 1 is the final result
for polymorphic models. On the other hand, the biologically more inter-
esting interpretation of stability in terms of mean phenotypes and densities
does require keeping track of the species. We therefore return to the notation
introduced at the beginning of Section 2 in the following section.

2.2 The Multi-Species Polymorphic Model - The Sta-
tionary Density Surface

To motivate the concept of the stationary density surface, we first rewrite the
polymorphic coevolutionary dynamic (1) in terms of the ecological (density)
and evolutionary (mean phenotype) parameters of each species. Let Nk and
pk be the density and mean phenotype of species k respectively for our general
polymorphic coevolutionary system with state n. That is, using notation
introduced at the beginning of Section 2, Nk ≡Pnki and pk is a frequency
vector whose ith component pki ≡ nki /Nk gives the frequency that individuals
in species k use the ith pure strategy. Adopting notation from multi-species
evolutionary game theory (e.g. Cressman et al., 2001), the frequency vector
pk with mk components is an element of the strategy simplex ∆k of species
k. Any state n of the polymorphic coevolutionary system with all species
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present (i.e. Nk > 0 for all k) corresponds to a unique (N1, ..., NN , p1, ..., pN )
with N ≡ (N1, ..., NN ) ∈ RN>0 and p ≡ (p1, ..., pN ) ∈ ∆1 × ...×∆N . In this
section, it is often more suggestive to write the fitness function fki (n) as
fki (N, p) ≡ fki (N

1, ..., NN , p1, ..., pN ). In terms of the densities and mean
phenotypes, it is a standard exercise (e.g. Hofbauer and Sigmund, 1998) to
rewrite (1) as the system

Ṅk = Nk

mkX
i=1

pki f
k
i (N

1, ..., NN , p1, ..., pN ) (4)

ṗki = pki

"
fki (N

1, ..., NN , p1, ..., pN )−
mkX
j=1

pkjf
k
j (N

1, ..., NN , p1, ..., pN )

#
. (5)

In this form, coevolution is a system of ordinary differential equations that
couple the ecological dynamic (4) and the evolutionary dynamic (5). An
equilibrium n∗ = (n∗1, ..., n∗N ) of (1) with all species present corresponds to
an ecological equilibrium N∗ = (N∗1, ..., N∗N ) of (4) with all components of
N∗ positive combined with an evolutionary equilibrium p∗ = (p∗1, ..., p∗N ) of
(5).
The key to considering the ecological and evolutionary effects separately

is the existence of a (local) stationary density surface (see Definition 1).
As mentioned in the Introduction, this concept plays a central role in early
treatments of coevolution (e.g. Roughgarden, 1979, 1983) and also in more
recent treatments that consider more general strategy spaces (e.g. Marrow
et al., 1996; Meszena et al., 2001).

Definition 1 The stationary density surface of an N−species coevolution-
ary system is an N−dimensional continuous surface of the form N(p) ≡
(N1(p), ..., NN (p)) through an equilibrium n∗ = N∗(p∗) (i.e. N(p∗) = N∗)
on which Ṅk(p) = 0 for all k.

By Lemma 2 below, it exists and is unique for all p near p∗ if the following
assumption is satisfied.

Assumption III. N∗ is a hyperbolic equilibrium of the

density dynamic (4) at equilibrium mean phenotype p∗.
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Lemma 2 There is a stationary density surface for the multi-species poly-
morphic coevolutionary model if Assumption III is satisfied.8

Proof of Lemma 2. By (4), such a surface satisfiesPmk

i=1 p
k
i f

k
i (N

1(p), ..., NN (p), p1, ..., pN ) = 0 for all k. By the implicit function
theorem (Apostol, 1957), the continuously differentiable stationary density

surface exists nears (N∗, p∗) if theN×N matrix with entry ∂
Pmk

i=1 p
k
i f

k
i (N

1,...,NN ,p1,...,pN )
∂N

in row k and column evaluated at (N∗, p∗) is invertible. On the other hand,
the linearization of the density dynamic (4) about N∗ when phenotypes are

fixed at p∗ hasN×N Jacobian matrix with entryN∗k ∂
Pmk

i=1 p
k
i f

k
i (N

1,...,NN ,p1,...,pN )
∂N

in row k and column evaluated at (N∗, p∗). By Assumption III, this Jaco-
bian has no eigenvalue with zero real part and so its determinant is nonzero.
Thus, the corresponding N ×N matrix for the stationary density surface is
also invertible.

The mean phenotype dynamic induced by (5) on the stationary density
surface given in Definition 1 is

ṗki = pki f
k
i (N

1(p), ..., NN (p), p1, ..., pN ) (6)

Unfortunately, the stationary density surface is not an invariant surface for
the polymorphic coevolutionary system (1) except in the unusual circum-
stance that, for each species k, Nk(p) = N∗k for all p near the equilibrium
mean phenotype p∗. Thus, in most cases, it is not immediately obvious how
(or if) the dynamic trajectories of (6) are related to those of (1). How-
ever, if there is a fast-slow dichotomy between ecological and evolutionary
time scales as discussed in the Introduction and the density dynamic (4) is
asymptotically stable for p fixed near p∗, then a coevolutionary system that
starts on the stationary density surface will initially be approximated well by

8Assumption III can be weakened to “The Jacobian of the density dynamic at equilib-
rium frequency is invertible” without affecting the results in this paper. Instead, we have
given it in a form that emphasizes its similarity to Assumptions I and II.

There is a connection between Assumptions I and III since ∂Ṅk

∂N
= N∗k

Pmk

i=1 p
∗k
i

∂fki
∂N

depends only on the resident system (i.e. those p∗ki > 0). In fact, if there is only one
resident strategy in each species (see the monomorphic model of Section 3), Assumption
III holds if and only if diag(n∗11 , ..., n∗N1 )JRR has no eigenvalues with zero real part and so
Assumption I is equivalent to Assumption III. However, in general, there is no relationship
between Assumptions I and III (or Assumption II). That is, any combination of them can
be true and the other(s) false in a given example.

13



the dynamic (6). Most theoretical treatments of coevolution in the literature
rely on this intuition to concentrate on analyzing the analogue of the mean
phenotype dynamic (6) for their particular model.
The following theorem justifies this approach for the stability analysis of

an equilibrium mean phenotype p∗ (see condition (b) there) for our general
polymorphic coevolutionary system (1) irrespective of the relationship be-
tween ecological and evolutionary time scales. The essential mathematical
argument is that, although the stationary density surface is not invariant for
(1), its tangent space at (N∗, p∗) contains the tangent space to the invari-
ant centre manifold at (N∗, p∗) developed in Section 2.1 that does determine
stability (see especially Lemma 1 and Remark 1 there).9

Theorem 2 Let n∗ = (N∗, p∗) be an equilibrium of (1) with all N species
present that satisfies Assumptions I, II and III. Then n∗ is locally asymptot-
ically stable for (1) if
(a) n∗ is locally asymptotically stable for the resident system, and
(b) p∗ is locally asymptotically stable for the mean phenotype dynamic on

the stationary density surface (i.e. for (6)).

Proof of Theorem 2. By linearizing (6) about p∗, we can first show that the
eigenvalues for this mean phenotype dynamic are those of the resident mean
phenotype dynamic together with the diagonal entries fσ+1(n∗), ..., fσ+µ(n∗).
By assumption (b), these latter eigenvalues must all be nonpositive. In par-
ticular, n∗ is locally asymptotically stable if fσ+i(n∗) < 0 for all 1 ≤ i ≤ µ.
Thus, as in Section 2.1, we can restrict the stability analysis for n∗ to that of
the resident system together with the selectively neutral invading strategies.
Assumptions I and II combine to show that asymptotic stability is com-

pletely determined by considering the dynamic induced on the tangent space
to the centre manifold at n∗. The remainder of the proof (given in the Ap-
pendix) shows that this tangent space is contained in the tangent space to
the stationary density surface at (N∗, p∗), which exists by Assumption III.
This completes the proof.

The converse to Theorem 2 is not true. That is, as illustrated by the
following elementary example of a two-species coevolutionary resident sys-

9In particular, condition (iii) of Theorem 1 whose biological interpretation is unclear
in Section 2.1 can now be understood as corresponding to stability with respect to a
µ−dimensional subspace of this tangent space where µ is the total number of selectively
neutral invading strategies.
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tem with no invading strategies, an n∗ which is locally asymptotically stable
for (1) does not imply the corresponding equilibrium mean phenotype p∗ is
locally asymptotically stable for (6) on the stationary density surface. In
particular, the p∗ in this example is unstable in the resident mean phenotype
dynamic on the stationary density surface, emphasizing again that the con-
nection between polymorphic coevolutionary systems such as (1) and their
corresponding mean phenotype evolution must be treated carefully. It is an
open problem whether asymptotic stability of (6) restricted to the resident
mean phenotype dynamic implies conditions (a) and (b) in Theorem 2 are
equivalent to asymptotic stability of n∗ for (1). Strong support for this con-
jecture is its proof in Section 3 when each species has one resident phenotype
at equilibrium.

Example 1 This example is based on one developed by Cressman and Garay
(2003) for their Lotka-Volterra coevolutionary systems (i.e. all individual
fitnesses fki (n) are linear functions of the components of the state n). For
the two-species example, suppose species one and two have 2 and 1 resident
phenotypes respectively. Let f1i (n) = r1+

P2
j=1Aijn

1
j +Bi1n

2
1 for i = 1, 2 and

f21 (n) = r2 +
P2

j=1C1jn
1
j +D11n

2
1 where the matrices A,B,C,D are

A =

· −1 −1
−1 −2

¸
;B =

·
0
1

¸
C =

£
3 3

¤
;D = [−1] .

With r1 = 2 and r2 = −5, an equilibrium n∗ of (1) is n∗11 = n∗12 = 1 and

n∗21 = 1. The linearization of (1) has 3×3 Jacobian matrix
 −1 −1 0
−1 −2 1
3 3 −1


which has all eigenvalues with negative real part by the Routh-Hurwitz stability
conditions (Pielou, 1977). Thus, n∗ is asymptotically stable.
The stationary density surface is a one-dimensional curve given by N1(p)

and N2(p) where p = (p1, p2), p1 = (p11, p
1
2) ∈ ∆1 and p2 = (1). To calculate
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N1(p) and N2(p), from (4),

Ṅ1 = N1

Ã
2 +N1

2X
i,j=1

p1iAijp
1
j +N2

2X
i=1

p1iBi1

!
= N1

¡
2−N1

¡
1 + (p12)

2
¢
+N2p12

¢
Ṅ2 = N2

Ã
−5 +N1

2X
j=1

C1jp
1
j +N2D11

!
= N2

¡−5 + 3N1 −N2
¢
.

Setting Ṅ1(p) = Ṅ2(p) = 0, we find N1(p) =
2−5p12

1−3p12+(p12)
2 and N2(p) =

3N1(p)− 5. From (5), on the stationary density surface

ṗ12 = p12

"
N1(p)

Ã
2X

j=1

A2jp
1
j −

2X
i,j=1

p1iAijp
1
j

!
+N2(p)

Ã
B21 −

2X
i=1

p1jBi1

!#

= p12
¡
1− p12

¢ ·− 2− 5p12
1− 3p12 + (p12)2

p12 = 3

µ
2− 5p12

1− 3p12 + (p12)2
¶
− 5
¸

= p12
¡
1− p12

¢ 1− 2p12
1− 3p12 + (p12)2

.

Since ṗ12 > 0 if p
1
2 >

1
2
= p∗12 , p

∗ is unstable on the stationary density surface.

3 The Monomorphic Model

Monomorphic models have played an important part in the development of
stability conditions for the evolution of species’ phenotypes. For instance,
the concept of an evolutionarily stable strategy (ESS) in a single species
setting is defined as a monomorphic population (i.e. all individuals in the
population have the same phenotype) that cannot be successfully invaded by
any small subpopulation exhibiting a different phenotype (Maynard Smith,
1982). That is, the ESS concept corresponds to a resident monomorphic
population that is at an asymptotically stable equilibrium for the dynamical
system which includes the evolutionary effects of introducing other pheno-
types. Although the ESS concept has been extended to two-species models
of phenotypic evolution (Cressman, 1992, 1996) and to multi-species models
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(Cressman et al., 2001), none of these have analyzed the ecological effect of
species’ densities.
To generalize the monomorphic approach to our multi-species coevolu-

tionary setting, we assume in this section that each species is monomorphic
for the resident system at equilibrium. In Section 3.1, we also assume that
individual phenotypes in species k must come from the mk pure strategies
considered in the above polymorphic model. Monomorphic single-species
models of phenotypic evolution have also considered individuals exhibiting
mixed phenotypes (Cressman, 1992). Their coevolutionary analogues are
analyzed in Section 3.2. It should be noted that all the coevolutionary
monomorphic models of Sections 3.1 and 3.2 can be put in the form (1)
for a suitable interpretation of the set of possible individual phenotypes.

3.1 The Pure-Strategy Monomorphic Model

If individual phenotypes must be among the strategies10 in the polymorphic
model of Section 2, then our monomorphic model is a special case of Sec-
tion 2 where the equilibrium resident system is n∗ with n∗ki > 0 for exactly
one 1 ≤ i ≤ mk (which we will take as i = 1 for each k without loss of
generality). The main purpose of this section is to state (and prove) the
following monomorphic version of Theorem 2 as well as discuss its biological
relevance. Mathematically, the result is especially satisfying since it includes
the converse of Theorem 2.

Theorem 3 Let n∗ = (N∗, p∗) be a monomorphic equilibrium of (1) with all
N species present that satisfies Assumptions I, II and III. Then n∗ is locally
asymptotically stable for (1) if and only if
(a) N∗ is locally asymptotically stable for the density dynamic (4) when

species’ phenotypes are fixed at p∗ (i.e. for the resident ecological system),
and
(b) p∗ is locally asymptotically stable for the mean phenotype dynamic on

the stationary density surface (i.e. for (6)).

Proof of Theorem 3. In the pure-strategy monomorphic setting, the res-
ident ecological system is the density dynamic (4) with species phenotypes
fixed at p∗k = (1, 0, ..., 0) for each k. In particular, n∗ is locally asymptot-
ically stable for the resident system if and only if N∗ = (N∗1, ..., N∗N ) is

10These will be called pure strategies from now on.
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locally asymptotically stable for this density dynamic.11 Thus, by Theorem
2, conditions (a) and (b) of Theorem 3 imply n∗ is locally asymptotically
stable for (1).
Now suppose n∗ is locally asymptotically stable for (1). Then n∗ is au-

tomatically locally asymptotically stable for the resident ecological system
(i.e. condition (a) is true). Thus, all we need to show is that p∗ is locally
asymptotically stable for the mean phenotype dynamic on the stationary
density surface (i.e. for (6)). The first step is to linearize (6) about p∗. Since
pk1 = 1 −Pmk

i=2 p
k
i , we can eliminate the resident component of the mean

phenotype in (6) and consider it as a dynamic with respect to the invading

strategies. With X ≡



p12
...

p1m1
...
pN2
...

pNmN


, the linearization of (6) is

Ẋ = diag(f12 (N
∗), ..., f 1m1

(N∗), ..., fN2 (N
∗), ..., fNmN (N

∗))X + h.o.t.

From Section 2.1, asymptotic stability of n∗ implies no invading strategy
is more fit than the resident strategy at equilibrium (i.e. fki (N

∗) ≤ 0 for
any 2 ≤ i ≤ mk). Adopting notation corresponding to that in Lemma 1
(and its proof), suppose N∗ has µ selectively neutral invading strategies (i.e.
fki (N

∗) = 0 for these strategies). Then stability of p∗ is determined by
restricting the dynamic to an invariant µ−dimensional center manifold. By
Assumption II, it turns out asymptotic stability of p∗ is equivalent to the B-
matrix condition for a µ×µ matrix bJ . This is shown in the Appendix along
with the fact that bJ is a B-matrix if and only if the matrix J in Lemma 1 is
a B-matrix (which completes the proof).

Theorem 3 stands out for its clear biological interpretation. That is, sta-
bility of n∗ is equivalent to the ecological stability of the resident system (i.e.
condition (a)) combined with the fact that the mutants will die out on the
stationary density surface (i.e. the evolutionary stability of condition (b)).

11Furthermore, Assumptions I and III are identical in this monomorphic setting.
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Theorem 3 extends the single-species density-dependent approach of Cress-
man (1992) to multi-species coevolutionary models (see the discussion at the
end of Section 3.2). From our perspective, Theorem 3 is also the fundamental
result that enhances the importance of models that do emphasize the analysis
of the mean phenotype dynamic restricted to the stationary density surface
by showing the assumption of separate time scales underlying these models
is not essential. In particular, Theorem 3 states that stability of the coupled
coevolutionary system can be studied by separating the stability effects of the
population densities from those of the population mean phenotypes without
any special appeal to a fast-slow dichotomy of ecological and evolutionary
time scales.
In this regard, it is interesting to note that the early application of co-

evolutionary theory to multi-species models of natural selection did not as-
sume different time scales (see, for example, the many sketches of coevolu-
tionary systems in Chapter 23 of Roughgarden (1979) where the stationary
density surface is clearly not invariant). The initial results for general fit-
ness functions were most successful in analyzing stability of homozygous
(i.e. monomorphic) populations under invasion by mutant alleles that were
assumed to be at a selective disadvantage (in particular, not selectively neu-
tral). The application of Theorem 3 to these natural selection models extends
their results to the biologically important situation where mutant alleles are
selectively neutral. This includes models related to genetic drift where the
initially rare heterozygotes are equally as fit as the resident homozygotes.

3.2 The Mixed Strategy Monomorphic Model

In mixed strategy models, individuals in species k may exhibit a phenotype
in ∆k that is not a pure strategy.12 In the monomorphic setting, all resident
individuals in species k exhibit strategy Sk ∈ ∆k and those in an invading
subsystem exhibit strategy T k ∈ ∆k. These assumptions correspond to the
approach by Maynard Smith (1982) in his development of the ESS concept

12That is, the components of this strategy may not all be 0 or 1 although they must
all be nonnegative and sum to 1. The ith component Ski of an individual using a mixed
strategy Sk ∈ ∆k is often interpreted as the probability this individual will use the ith

pure strategy of species k at a particular instant. This interpretation may be most realistic
when phenotypes refer to individual behaviors (such as being agressive at some times and
nonaggressive at others) rather than to physical characteristics where a mixed strategy
can instead be thought of as somewhere between pure strategy extremes.
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for the evolution of species’ phenotypes whereby the monomorphic ESS pop-
ulation is uninvadable by a mutant subpopulation using a different strategy.
Here we are interested in the coevolutionary stability of S ≡ (S1, ..., SN ) at
equilibrium densities when invaded by T ≡ (T 1, ..., TN ).
The state of this coevolutionary system is most conveniently expressed

by giving the densities of each species N ≡ (N1, ..., NN ) and the propor-
tions of invading phenotypes q ≡ (q1, ..., qN ) (i.e. qk is the proportion of
individuals in species k using T k).13 The expected fitness of an individual
exhibiting a mixed phenotype is assumed to be linear in the components of
this phenotype. For instance, fkSk(N, q) =

Pmk

i=1 S
k
i f

k
i (N, q) is the individual

fitness of the resident phenotype in species k. The coevolutionary mixed
strategy monomorphic dynamic (given in the form analogous to (4) and (5))
for invasion by T is

Ṅk = Nkf
k
(N, q) (7)

q̇k = qk
h
fkTk(N, q)− f

k
(N, q)

i
(8)

where f
k
(N, q) =

¡
1− qk

¢
fk
Sk
(N, q) + qkfk

Tk
(N, q) is the mean fitness of

species k. This coevolutionary system will be uninvadable by T if (N∗, S) is
locally asymptotically stable (or, more correctly, if (N∗, q) with q = (0, ..., 0)
is locally asymptotically stable) under (7) and (8).
The stationary density surface again plays a central role in determining

stability (see Theorem 4 (b) below). It is now given in the form N = N(q)
where Ṅk(q) = 0. Since each q = (q1, ..., qN ) corresponds to a p in the
polymorphic model (specifically, p = ((1− q1)S1 + q1T 1, ...,

¡
1− qN

¢
SN +

qNTN )), this surface is that part of the stationary density surface of Section
2 that lies over the set of convex linear combinations of the vectors in S and
T parameterized by the N−dimensional hypercube {q = (q1, ..., qN ) | 0 ≤
qk ≤ 1 for 1 ≤ k ≤ N}. The coevolutionary mixed strategy monomorphic
dynamic again induces a mean phenotype dynamic on its stationary density
surface; namely,

q̇k = qkfkTk(N(q), q). (9)

13As in the polymorphic model of Section 2, the state can also be given in terms of nki ,
the number of individuals in species k using the ith pure strategy at a given time. The
correspondence is nki = Nk

£¡
1− qk

¢
Ski + qkT k

i

¤
where, for instance, Sk = (Sk1 , ..., S

k
mk
).

Implicit in this notation is the assumption that T k is different from Sk. If this is not the
case, we can simply fix qk as 0 and restrict the coevolutionary mixed strategy monomorphic
dynamic to the corresponding invariant face without affecting the theory developed in this
section.
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There is a special monomorphic situation that deserves extra attention
since it guarantees a system of selectively neutral invading strategies. Con-
sider the case with S = p∗ where p∗k is in the interior of ∆k for each species
k and where (N∗, p∗) is an equilibrium of the polymorphic model (1). Since
each Sk is in the interior of ∆k, fkSk(N, q) = 0 = fk

Tk
(N, q). That is, T k is

a selectively neutral invading phenotype and the resident system is under
simultaneous invasion by selectively neutral phenotypes.
Whether the monomorphic coevolutionary model satisfies this special sit-

uation or not, we have the following analogue of Theorems 2 and 3.

Theorem 4 Let (N∗, S) be a monomorphic equilibrium of (7) and (8) with
all N species present that satisfies Assumptions I, II and III.14 Then (N∗, S)
is locally asymptotically stable if and only if
(a) N∗ is locally asymptotically stable for the resident density dynamic

(i.e. for (7) when q is fixed at (0, ..., 0)), and
(b) S is locally asymptotically stable for the mean phenotype dynamic on

the stationary density surface (i.e. for (9)).

Proof of Theorem 4. Follows from Theorem 3.

The monomorphic approach developed in this section can be extended
to defining a coevolutionary N−species ESS concept. Such an N−species
monomorphic equilibrium (N∗, S) must resist invasion by all possible mixed
strategies T . In the single-species coevolutionary model (Cressman, 1992),
this concept forms the basis of what is called a density dependent evolu-
tionarily stable strategy (DDESS). It can be shown (Cressman, 1992) that a
(single-species) DDESS is asymptotically stable for the polymorphic coevo-
lutionary dynamic (1) of Section 2. However, this result does not generalize
to arbitrarily many species. For instance, Cressman et al. (2001) produce
a three-species example to show the evolutionary N−species ESS concept
does not imply stability of the polymorphic phenotypic evolution model.
This counterexample can be extended to one including densities as well.

14In Assumption I, hyperbolicity now refers to the resident monomorphic system. For a
particular S and T , the three assumptions may be weakened somewhat by tailoring them
to exactly fit the resultant monomorphic model without affecting the theory.
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3.3 Single Species Adaptive Dynamics

As stated in the Introduction, the stationary density surface approach is
often used in the recent coevolutionary literature to model the continuous
evolution of mean phenotypes through a canonical equation (e.g. equation
(10) below) for their strategy (or adaptive) dynamics. The development of
a general theory linking our coupled coevolutionary systems (such as (1) as
well as (7) and (8)) to these adaptive dynamics is beyond the scope of this
paper, whose main purpose is to introduce the stationary density surface
concept and analyze its relationship to stability of coevolutionary systems.
Instead, in this section, we illustrate that the stability of the mean strat-
egy adaptive dynamics for a single species with a one-dimensional strategy
space is closely connected with the monomorphic stability of the coupled
coevolutionary systems considered in Section 3.
Adaptive dynamics for a single-species coevolutionary system refer to

dynamics of the mean strategy S of the population. S is assumed to lie
in a convex subset of a finite-dimensional Euclidean space called the (mean)
strategy space. If S is a scalar quantity (i.e. the strategy space is an interval),
the standard coevolutionary adaptive dynamic is given by (Marrow et al.,
1996; Dieckmann and Law, 1996; Cohen et al., 1999; Meszena et al., 2001)

dS

dt
= k(S)

∂

∂T
F (T, S) |T=S . (10)

Here k(S) is a scaling factor that is positive for all S in the interior of the
interval and F (T, S) is now the fitness of strategy T when the population
mean strategy and density, S and N(S) respectively, lie on the stationary
density surface (i.e. F (S, S) = 0).15 Suppose S∗ is an interior equilibrium
strategy of (10). In particular, ∂

∂T
F (T, S∗) |T=S∗= 0. S∗ is locally asymptot-

ically stable for (10) if d
dS

∂
∂T
F (T, S) |T=S=S∗< 0. By implicit differentiation,

this condition (which is known as convergence stability for S∗) becomes

∂2

∂T 2
F (T, S) |T=S=S∗ + ∂2

∂S∂T
F (T, S) |T=S=S∗< 0. (11)

The most common assumptions that justify this adaptive dynamic ap-
proach are the fast-slow dichotomy of ecological versus evolutionary time

15In the following, we assume that F (T, S) has continuous second order partial deriva-
tives at all points in the interior of the stratgey space.
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scales (so that the adaptive dynamic occurs on the stationary density sur-
face) combined with the assumption the population is monomorphic and
remains so under the course of evolution (see, for instance, Dieckmann and
Law (1996) for one derivation of these dynamics). Both these assumptions
are at odds with the theory developed so far in this paper where we have
specifically avoided any separation of time scales and the population on the
stationary density surface has been polymorphic when not in equilibrium.
Nevertheless, there continues to be a close connection between stability of
the adaptive dynamic (10) and of our previous mean phenotype dynamics
(e.g. (6) and (9)) on the stationary density surface.
To rewrite (10) and (11) in a notation consistent with the monomorphic

model of Sections 3.1 and 3.2, fix another strategy T ∗ in our strategy space
and consider the mean strategy dynamic on the interval determined by S∗

and T ∗. Every T in this interval is of the form T = (1− qT )S
∗ + qTT

∗ for a
unique qT ∈ [0, 1]. Then S and T may be replaced by qS and qT respectively
in (10) and (11). In particular, (10) is a dynamic in qS as is the mean
phenotype dynamic on the stationary density surface (9).16 However, they
are not the same dynamics. The connection between them is most direct
when F (qT , qS) is a linear function of qT , the case we consider first before
commenting on the general nonlinear situation after Remark 1.
Under linearity, F (qT , qS) = (1−qT )f1(N(qS)(1−qS, qS))+qTf2(N(qS)(1−

qS, qS)) where fi(N(qS)(1 − qS, qS)) is the fitness of the pure strategy S∗ if
i = 1 and T ∗ if i = 2 when the population has mean strategy (1 − qS)S

∗ +
qST

∗ and density N(qS). Since ∂
∂qT

F (qT , qS) |qT=qS= f2(N(qS)(1− qS, qS))−
f1(N(qS)(1− qS, qS)), the adaptive dynamic (10) is

dqS
dt

= k(qS) [f2(N(qS)(1− qS, qS))− f1(N(qS)(1− qS, qS))] .

On the other hand, the mean phenotype dynamic (9) on the stationary den-
sity surface when S∗ is invaded by T ∗ is

dqS
dt

= qSf2(N(qS)(1− qS, qS))

= qS(1− qS) [f2(N(qS)(1− qS, qS))− f1(N(qS)(1− qS, qS))]

since (1− qS) f1(N(qS)(1 − qS, qS)) + qSf2(N(qS)(1 − qS, qS)) = 0 on the
stationary density surface. That is, the two dynamics are identical in this

16In (9), N = 1 and q1, T 1, S1 become qS , T ∗, S∗ respectively.
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case up to a difference of scaling factors k(qS) and qS(1 − qS) respectively.
Since these factors are positive for 0 < qS < 1, S∗ is asymptotically stable
for one if and only if it is for the other.

Remark 2 The fact both systems are asymptotically stable in exactly the
same circumstances can also be seen by comparing their respective conver-
gence stability and B-matrix conditions. This comparison, which is outlined
now, becomes more important when extending the results to multiple species
and/or higher dimensional strategy spaces for the case that F (T, S) is linear
in the first variable. First, notice that ∂2

∂q2T
F (qT , qS) |qT=qS= 0 for the coevo-

lutionary adaptive dynamic (10) and so, from (11), S∗ is convergence stable
if

∂2

∂qS∂qT
F (qT , qS) |qT=qS=0=

∂

∂qS
[f2(N(qS)(1− qS, qS))− f1(N(qS)(1− qS, qS))] |qS=0< 0.

By linearizing the stationary density surface N(qS) at S∗, this becomes the
condition that ∂f2

∂n2
− ∂f2

∂n1

∂f1
∂n2

/ ∂f1
∂n1

< 0. Second, for the mean phenotype dynamic
(9) on the stationary density surface, note that T ∗ is a selectively neutral
mutant strategy since 0 = ∂

∂qT
F (qT , 0) |qT=0= f2(N(0), 0) − f1(N(0), 0) =

f2(N(0), 0). Thus, by Theorems 1 and 2 (and Remark 1), S∗ is asymptotically

stable for (9) if and only if the 1× 1 matrix with entry ∂f2
∂n2
− ∂f2

∂n1

³
∂f1
∂n1

´−1
∂f1
∂n2

is a B-matrix (i.e. if and only if this single entry is negative) if and only if
S∗ is convergence stable.
For multiple species, one must take into account that the scaling factors

for (10) and for (9) may be in different ratios for different species. It is then
possible by manipulating these factors to make (10) asymptotically stable and
(9) unstable or vice versa (see Marrow et al. (1996) for such manipulations
for two-species coevolutionary adaptive dynamics). Similar considerations
also arise for (single-species) higher dimensional strategy spaces where, for
example, k(S) in (10) often involves variance-covariance expressions in the
different possible directions the mean strategy may evolve (e.g. Meszena et
al., 2001). Nevertheless, up to these scaling factors, the B-matrix of the
mean phenotype dynamic and the linearization of the coevolutionary adap-
tive dynamics for multiple species and/or higher dimensional strategy spaces
continue to have the same entries.

For the remainder of this section, do not assume that F (qT , qS) is a linear
function of qT . If T is a selectively neutral mutant strategy for all T near S∗
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(i.e. F (qT , qS∗) = F (qS∗, qS∗) = 0), we again have ∂2

∂q2T
F (qT , qS) |qT=qS=0= 0.

Furthermore, if T ∗ is chosen sufficiently close (but not equal) to S∗, the
coevolutionary adaptive dynamic and the mean phenotype dynamic are again
identical up to a positive scaling factor and so both systems have the same
stability properties.
However, the most prevalent nonlinear case in the adaptive dynamics

literature is when F (qT , qS∗) < F (qS∗, qS∗) = 0 for all T near S∗.17 For any
fixed such T invading S∗, the mean phenotype dynamic (9) on the stationary
density surface has S∗ asymptotically stable since T has lower fitness than
S∗ even though (10) may not be convergence stable at this monomorphic
equilibrium. To connect our approach to that of the adaptive dynamics in this
case, recall the heuristic definition of convergence stability (see, for example,
Eshel (1996))18; namely, S∗ is convergence stable if, for any T ∗ sufficiently
close (but not equal) to S∗, there as a selective advantage (respectively,
disadvantage) for any nearby T compared to T ∗ for any T between S∗ and T ∗

(respectively T ∗ between S∗ and T ). Thus, in the mean phenotype dynamic
(9) that pits T against T ∗, the strategy closer to S∗ will be asymptotically
stable if S∗ is convergence stable, a result consistent with the coevolutionary
adaptive dynamic conclusion that the population mean strategy will evolve
towards S∗. This consistency becomes more tenuous as the number of species
or the dimension of the strategy space increases.

4 Discussion

The theoretical development and analysis of general coevolutionary models
often assume that population densities track their stationary values for a
given set of species’ traits by appealing to a separation of time scales for eco-
logical and evolutionary effects. On the other hand, more practical specific
models of coevolutionary systems (e.g. Roughgarden, 1979; Vincent et al.,
1993; Abrams and Matsuda, 1997; Doebeli and Dieckmann, 2000) seldom

17This case is often assumed to satisfy the nondegenerate condition
∂2

∂q2T
F (qT , qS) |qT=qS=0< 0. The possibilility of convergence stability combined with

∂2

∂q2T
F (qT , qS) |qT=qS=0> 0 has also received considerable recent attention (e.g. Doebeli

and Dieckmann, 2000) as evolutionary branching models of speciation.
18The concept of convergence stable also appeared in earlier treatments of behavioral

evolution but under different names (cf. continuously stable strategy in Eshel 1983;
m−stability in Taylor 1989).
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use this separation of time scales, and yet, their stability analysis is typically
consistent with the theoretical predictions. In other words, there is a signif-
icant gap between the models for which the theory has been developed and
those for which the theory is applied.
The purpose of this paper is to bridge this gap for a class of coevolutionary

models where individuals exhibit one of a finite number of possible traits. It
does so by showing that, in biological terms, the stability of a coevolutionary
system can be determined by analyzing the stability of the resident system
separate from the stability on the stationary density surface (see Theorems 2,
3 and 4) regardless of the speed of ecological change relative to evolutionary
change. Theorem 3 is especially important in connection with the above
discussion since it shows this separate stability analysis is most effective at
monomorphic equilibria.
In fact, monomorphic populations have also been central to the recent

development of coevolutionary adaptive dynamics (e.g. Vincent et al., 1993;
Marrow et al., Dieckmann and Law, 1996; Abrams and Matsuda, 1997; Doe-
beli and Dieckmann, 2000), albeit with these monomorphisms drawn from a
continuous set of possible traits. Although Section 3.4 does provide a link be-
tween our results and those of coevolutionary adaptive dynamics in the basic
case of a single species with a one parameter continuum strategy space, it is
clear much work remains in order to fully justify theoretically the stationary
density approach to coevolution.
In particular, this paper does not consider the possibility of stable cyclic

behavior such as that found in two-species coevolutionary predator-prey mod-
els from the adaptive dynamics perspective (e.g. Marrow et al., 1996; Abrams
and Matsuda, 1997). Interestingly, the latter reference points out discrepen-
cies between cyclic stability of the adaptive strategy dynamic and of the fully
coupled density and strategy dynamical system in specific predator-prey ex-
amples where there is no underlying separation of time scales. It is our hope
that the positive results of this paper will encourage the theoretical develop-
ment of these full coevolutionary systems without the assumption of separate
time scales.
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Appendix

Remainder of the Proof of Theorem 2.
To reduce notational complexities, we restrict the proof here to two

species coevolutionary systems. However, the essential calculations are all
provided in a matrix form that is easily generalized to more species. The
tangent space to the centre manifold at n∗ using the notation in the proof of
Lemma 1 from Section 2.1 is Y = 0. Thus, a general tangent vector v has the
form v = (n11−n∗11 , ..., n1σ1−n∗1σ1 , µ11, ..., µ1m1

, n21−n∗21 , ..., n2σ1−n∗2σ1 , µ21, ..., µ2m2
)

where

JRR



n11 − n∗11
...

n1σ1 − n∗1σ1
n21 − n∗21

...
n2σ1 − n∗2σ1


+ JRI



µ11
...

µ1m1

µ21
...

µ2m2


= 0.

For n = n∗ + tv, p1 = (n∗1 + tv1) /N1 and p2 = (n∗2 + tv2) /N2 where v1 =
(n11 − n∗11 , ..., n

1
σ1
− n∗1σ1, µ

1
1, ..., µ

1
m1
), v2 = (n21 − n∗21 , ..., n

2
σ1
− n∗2σ1, µ

2
1, ..., µ

2
m2
),

N1 = N∗1 + t
P

k v
1
k and N2 = N∗2 + t

P
k v

2
k. With this notation, the

condition for v to be in the tangent space of the centre manifold at n∗ may
be rewritten as: the ith component of

J

·
v1

v2

¸
(12)

is 0 for any i corresponding to a resident strategy in either species one or
two.
Thus, the two population densities on the centre manifold are functions

N1(p1, p2) and N2(p1, p2) of the frequencies p1 and p2. What must be shown
is that the linearization of these density functions are the same at (p1, p2) as
on the tangent to the stationary density surface. That is, we need that tv is
tangent to the stationary density surface for t ∈ R.
On the stationary density surface,

Pm1

i=1 p
1
i f
1
i (N

1(p1, p2)p1, N2(p1, p2)p2) =
0. Taking the partial derivative at n∗ of this equation with respect to p1j using
the chain rule, we obtain (since f1i (N

∗1(p∗1, p∗2)p∗1, N∗2(p∗1, p∗2)p∗2) = 0 for

27



all i when all mutants are selectively neutral)

0 =
m1X
i=1

p∗1i

Ã
m1X
k=1

∂f1i
∂n1k

∂N1

∂p1j
p∗1k +

∂f1i
∂n1j

N∗1 +
m2X
k=1

∂f1i
∂n2k

∂N2

∂p1j
p∗2k

!

=
∂N1

∂p1j
p∗1J11p∗1 +

∂N2

∂p1j
p∗1J12p∗2 +N∗1

m1X
i=1

p∗1i
∂f1i
∂n1j

where we define Jk to be the matrix with entries

Jk
ij =

∂fki
∂nj

.

The analogous expression ∂N1

∂p1j
p∗2J21p∗1+ ∂N2

∂p1j
p∗2J22p∗2+N∗1Pm2

i=1 p
∗2
i

∂f2i
∂n1j

= 0

results from taking the derivative of
Pm2

i=1 p
2
i f
2
i (N

1(p1, p2)p1, N2(p1, p2)p2) =
0 with respect to p1j . Using similar expressions from partial derivatives with
respect to p2j0, we obtain

J∗

 ∂N1

∂p1j

∂N1

∂p2
j0

∂N2

∂p1j

∂N2

∂p2
j0

+
 N∗1Pm1

i=1 p
∗1
i

∂f1i
∂n1j

N∗2Pm1

i=1 p
∗1
i

∂f1i
∂n2

j0

N∗1Pm2

i=1 p
∗2
i

∂f2i
∂n1j

N∗2Pm2

i=1 p
∗2
i

∂f2i
∂n2

j0

 = · 0 0
0 0

¸
(13)

where J∗ ≡
·
p∗1J11p∗1 p∗1J12p∗2

p∗2J21p∗1 p∗2J22p∗2

¸
.

By the linear terms of Taylor’s expansion,N1 ∼= N∗1+
Pm1

j=1
∂N1

∂p1j

¡
p1j − p∗1j

¢
+

Pm2

j=1
∂N1

∂p2j

¡
p2j − p∗2j

¢
= N∗1−¡JRR

¢−1  N∗1Pm1

i=1 p
∗1
i

∂f1i
∂n1j

N∗1Pm2

i=1 p
∗2
i

∂f2i
∂n1j

. That is, the lin-
ear expansion of

·
N1(p1, p2)
N2(p1, p2)

¸
−
·
N∗1

N∗2

¸
is

− (J∗)−1
 N∗1p∗1J11

³
tv1

N∗1 − t
N∗1p

∗1Pm1

k=1 v
1
k

´
+N∗2p∗1J12

³
tv2

N∗2 − t
N∗1p

∗2Pm2

k=1 v
2
k

´
N∗1p∗2J21

³
tv1

N∗1 − t
N∗1p

∗1Pm1

k=1 v
1
k

´
+N∗2p∗2J22

³
tv2

N∗2 − t
N∗1p

∗2Pm2

k=1 v
2
k

´ 
= t (J∗)−1

Ã·
p∗1J11p∗1

p∗2J21p∗1

¸ m1X
k=1

v1k +

·
p∗1J12p∗2

p∗2J22p∗2

¸ m2X
k=1

v2k

!
− t (J∗)−1

·
p∗1 0
0 p∗2

¸
J

·
v1

v2

¸
= t

· Pm1

k=1 v
1
kPm2

k=1 v
2
k

¸
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since, for example, p∗1 (J11v1 + J12v2) = 0 by (12). Thus, on the tangent
space to the stationary density surface, we have N1 = N∗1 + t

Pm1

k=1 v
1
k and

N2 = N∗2 + t
Pm2

k=1 v
2
k.

Remainder of the Proof of Theorem 3.
We again restrict the proof here to two species coevolutionary systems to

reduce the notational complexities. As argued in the proof so far in the main
text, we can assume that all invading strategies are selectively neutral. Let

ε1i ≡ p1i for i = 2, ...,m1

and a similar expression for ε2i . Then p
1 =

¡
1−Pm1

i=2 ε
1
i , ε

1
2..., ε

1
m1

¢
and, from

(6), we have

ε̇1i = ṗ1i = p1i f
1
i

¡
N1(p)p1, N2(p)p2

¢
= ε1i

Ã
m1X
j=2

∂f1i (N
1(p)p1, N2(p)p2)

∂ε1j
ε1j +

m2X
j0=2

∂f1i (N
1(p)p1, N2(p)p2)

∂ε2j0
ε2j0

!
+ h.o.t.

For the monomorphic model,
∂f1i (N1(p)p1,N2(p)p2)

∂ε1j
evaluated at p∗ equals

∂f1i
∂n11

∂N1(p)p11
∂ε1j

+
∂f1i
∂n12

∂N1(p)p12
∂ε1j

+ ...+
∂f1i
∂n1m1

∂N1(p)p1m1

∂ε1j

+
∂f1i
∂n21

∂N2(p)p21
∂ε1j

+
∂f1i
∂n22

∂N2(p)p22
∂ε1j

+ ...+
∂f1i
∂n2m2

∂N2(p)p2m2

∂ε1j

= J11i1

µ
∂N1(p)

∂ε1j
−N∗1

¶
+ J11ij N

∗1 + J12i1
∂N2(p)

∂ε1j

= N∗1 ¡J11ij − J11i1
¢
+ J11i1

∂N1(p)

∂ε1j
+ J12i1

∂N2(p)

∂ε1j
.

Applying the same method to the argument that leads to (13), we find

JRR

 ∂N1

∂ε1j

∂N1

∂ε2
j0

∂N2

∂ε1j

∂N2

∂ε2
j0

 = · J1111 − J111j J1211 − J121j0
J2111 − J211j J2211 − J221j0

¸ ·
N∗1

N∗2

¸

since J∗ there is simply JRR in the monomorphic setting. Similarly, ∂f
1
i (N(p),p)

∂ε2
j0

=

N∗2 ¡J12ij0 − J12i1
¢
+ J11i1

∂N1(p)
∂ε2

j0
+ J12i1

∂N2(p)
∂ε2

j0
.
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Thus

ε̇1i = ε1i


Pm1

j=2

N∗1 ¡J11ij − J11i1
¢
+
£
J11i1 J12i1

¤ ∂N1(p)
∂ε1j

∂N2(p)

∂ε1j

 ε1j+

Pm2

j0=2

N∗2 ¡J12ij0 − J12i1
¢
+
£
J11i1 J12i1

¤ ∂N1(p)
∂ε2

j0
∂N2(p)
∂ε2

j0

 ε2j0

+ h.o.t.

= ε1i



Pm1

j=2

µ
N∗1J11ij −

£
J11i1 J12i1

¤ ¡
JRR

¢−1 · J111j 0
J211j 0

¸ ·
N∗1

N∗2

¸¶
ε1j

+
Pm2

j0=2

µ
N∗2J12ij0 −

£
J11i1 J12i1

¤ ¡
JRR

¢−1 · 0 J121j0
0 J221j0

¸ ·
N∗1

N∗2

¸¶
ε2j0

+
Pm1

j=2

µ
−N∗1J11i1 +

£
J11i1 J12i1

¤ ¡
JRR

¢−1 · J1111 0
J2111 0

¸ ·
N∗1

N∗2

¸¶
ε1j

+
Pm2

j0=2

µ
−N∗2J12i1 +

£
J11i1 J12i1

¤ ¡
JRR

¢−1 · 0 J1211
0 J2211

¸ ·
N∗1

N∗2

¸¶
ε2j0


+ h.o.t.

= ε1i


Pm1

j=2

µ
N∗1J11ij −

£
J11i1 J12i1

¤ ¡
JRR

¢−1 · J111j 0
J211j 0

¸ ·
N∗1

N∗2

¸¶
ε1j

+
Pm2

j0=2

µ
N∗2J12ij0 −

£
J11i1 J12i1

¤ ¡
JRR

¢−1 · 0 J121j0
0 J221j0

¸ ·
N∗1

N∗2

¸¶
ε2j0

+ h.o.t.

since
£
J11i1 J12i1

¤ ¡
JRR

¢−1 · J1111 0
J2111 0

¸ ·
N∗1

N∗2

¸
=
£
J11i1 J12i1

¤ · 1 0
0 0

¸ ·
N∗1

N∗2

¸
=

N∗1J11i1 and
£
J11i1 J12i1

¤ ¡
JRR

¢−1 · 0 J1211
0 J2211

¸ ·
N∗1

N∗2

¸
= N∗2J12i1 . Combined

with the analogous expression for ε̇2i0, we then have

ε̇ = diag(ε)
h
JII − JIR

¡
JRR

¢−1
JRI

i
diag(N∗1, ..., N∗1, N∗2, ..., N∗2)ε+h.o.t.

where diag(N∗1, ..., N∗1, N∗2, ..., N∗2) is the diagonal matrix with m1− 1 en-
tries N∗1 down the main diagonal followed by m2 − 1 entries N∗2.
Let bJ ≡ hJII − JIR

¡
JRR

¢−1
JRI

i
diag(N∗1, ..., N∗1, N∗2, ..., N∗2). Cress-

man and Garay (2003) show that bJ is a B-matrix if and only if J = hJII − JIR
¡
JRR

¢−1
JRI

i
is a B-matrix and that bJ has a zero ray if and only if J has a zero ray (cf.
Assumption II).19 This completes the proof.

19These facts follow readily from the general theory of B-matrices as outlined in Hofbauer
and Sigmund (1998) for example.
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