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Abstract 

An important step in coevolution occurs when a new mutant clone 

arises in a resident population of interacting individuals. Then, 

according to the ecological density dynamics resulting from the 

ecological interaction of individuals, mutants either go extinct or 

replace some resident clone or work their way into the resident system. 

One of the main points of this picture is that the outcome of the 

selection process is determined by ecological dynamics. For the sake of 

simplicity, we start out one from resident species described by a logistic 

model, in which the interaction parameters depend on the phenotypes of 

the interacting individuals. Using dynamic stability analysis we will 
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answer the following purely ecological questions: after the appearance 

of a mutant clone, 

1. what kind of mutant can not invade into the resident population, 

2. and what kind of mutant can invade into the resident population? 

If invasion occurs,  

3. what kind of mutant is able to substitute the resident clone, 

4. and when does a stable coexistence arise?  

We assume that the system of mutants and residents can be modelled by 

a Lotka-Volterra system. We will suppose that the phenotype space is a 

subset of  Rn and the interaction function describing the dependence of 

the parameters of the Lotka-Volterra dynamics on the phenotypes of the 

interacting individuals is smooth and mutation is small. We shall 

answer the above questions in terms of possible mutation directions in 

the phenotype space, based on the analysis of ecological stability. The 

approach of this paper establishes a connection between adaptive-

dynamics and dynamical evolutionary stability. 

 

 

1 Introduction 

Let us consider a population of interacting asexual individuals, which 

can not change their phenotypes, for instance their behaviour strategies 

are genetically fixed. Assume that mutation is rare event, and selection 

is fast, thus the selection process has enough time to eliminate the less 

fit phenotypes before any new mutation occurs.  

A basic question of the theory of evolutionary stability is the 

following: What kind of mutant can not invade the resident population? 

Maynard Smith and Price (1973) have introduced the concept of ESS 

(evolutionarily stable strategy): “An ESS is a strategy such that, if most 
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of the members of the population adopt it, there is no mutant strategy 

that would have a higher reproduction fitness.”2  

An important question in co-evolution is: In what direction does the 

phenotype change? This question is rather complex since it can be 

divided according to question 2-4 of the Abstract. Most papers dealing 

with the theoretical aspects of this complex question apply the so-called 

adaptive dynamics approach, see e.g. Marrow et al. (1996), Dieckmann 

& Law (1996). Because the model setup of this paper is almost the 

same as that of the adaptive dynamic approach, we shortly recall the 

latter and its most important statements3.  

Let us consider the following co-evolutionary dynamics  

 
( )

( )2122

2111

,,,

,,,

nnxyWnn

nnyxWnn

=

=
•

•

 

where yx,  are the phenotypes of the resident and the mutant, 21,nn  the 

density of the resident and the mutant and ( )21,,, nnyxW  and 

( )21,,, nnxyW 4 denote the fitness function of the resident and the 

mutant, respectively. If there is no mutant in the system, we get the 

resident dynamics of the following form 

 ( )111 ,nxwnn =
•

. 

                                                           
2 In mathematical terms, let us introduce a fitness function RSSW →×: , where S is the 

phenotype space. Sx ∈∗
 is an ESS if ( ) ( )∗∗∗ ≥ xyWxxW ,,  for all mutant strategies 

Sy ∈ , and if for a mutant strategy ( ) ( )∗∗∗ = xyWxxW ,,  then 

( ) ( )yyWyxW ,, >∗
. 

3 For transparency, here we use notation of our treatment rather then the usual notation of the 
adaptive approach. 
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Let ∗

1
n  denote the equilibrium of the resident dynamics, ( ) 0,

1
=∗

nxw . If 

we suppose that the mutant is very rare, the sign of the invasive fitness 

of the mutant, ( )0,,, 1
∗nxyW  determines what will happen to this mutant. 

For instance, if ( ) 00,,, 1 >∗nxyW , or 
( )

0
0,,, 1 >

∂

∂
=

∗

xy
y

nxyW
, then mutant 

will spread. In the approach of adaptive dynamics ∗
x  is called a 

“singular strategy” if 
( )

0
0,,, 1 =

∂

∂
∗=

∗∗

xyy

nxyW
. There are two types of 

singular strategies. If 
( )

0
0,,,

2
1

2

<
∂

∂
∗=

∗∗

xyy

nxyW
, ∗

x  is called ESS. If 

( )
0

0,,,
2

1
2

>
∂

∂
∗=

∗∗

xyy

nxyW
, ∗

x  is said to be a branching point. If the 

system starts at a branching point, a monomorphic system becomes 

dimorphic. Moreover, Geritz at al. (1997) noted that:”Close to a 

singular strategy it may happen that ( ) 00,,, 1 >∗∗ nxyW  and 

( ) 0,0,, 2 >∗∗ nyxW , so that both x and y are protected against extinction, 

and the population necessarily becomes dimorphic.” 

The above mentioned approaches are the same in that each considers 

only one species and the mathematical formalization is based on the 

notion of fitness, specifically, the fitness of residents with that of 

mutants. The main defect of these approaches is that none of them 

resulted in a general theory of density-dependent co-evolutionary 

theory (cf. Hammerstein & Riechert 1988 Meszéna et al. 2001). In our 

view, in a density dependent co-evolutionary system containing more 

                                                                                                                                           
4 Here we follow the notation of the game theory, namely, the fitness function denotes the 



Adaptive Dynamics Based on Ecological Stability                                                                       5 

 5 

then one species only the dynamical approach can treat our initial 

question. The reason is that the future of the mutant does not depend 

only on the interaction with the resident but also on other species’ 

resident and mutant phenotypes, essentially on the dynamic behaviour 

of the whole ecosystem. In earlier papers, Garay & Varga (2000), 

Cressman at al. (2001), Cressman & Garay (2003 a,b) we introduced 

an evolutionary stability notion based on the asymptotic behaviour of 

the selecting dynamic system. Although, this approach can be worked 

out for multi-species resident systems, in this article only one-species 

resident system is considered, since our main modelling-

methodological question is whether there is any difference between the 

earlier fitness-centred method and the dynamics centred method 

presented in this paper. As we will see there are many differences. 

The G-function approach (Vincent et al. 1993, Cohen et al. 1999 and 

Vincent & Brown 2005), on the one hand, is very similar to the 

approach of Cressman and Garay (2003 a,b), since both use population 

dynamics to describe the selection process, and both can deal with 

more than one species situations. On the other hand, the G-function 

approach is more general by simultaneously considering strategy 

dynamics and population dynamics. However, in the present paper we 

will not investigate a strategy dynamics. Instead, we will start out from 

a monomorphic model, in which the resident type and any mutant type 

(with genetically fixed phenotypes) interact. Furthermore, according to 

the ecological dynamics, either of them dies out or a stable coexistence 

                                                                                                                                           
fitness of the first phenotype variable. 
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develops. The novelty in this setup is the possibility to investigate the 

case of neutral mutants, as well. 

Now we list the basic biological assumptions: let us suppose that 

mutation is rare, which has two meanings: the mutant has a very low 

density, and following the appearance of the mutant, the ecological 

interactions have enough time to eliminate the less fit phenotypes, or 

reach a locally asymptotically stable dimorphic equilibrium. Since we 

consider a co-evolving system, in our model the interaction parameters 

depend on the phenotypes of the interacting individuals. Moreover, we 

assume that the ecological interactions can be described by a Lotka-

Volterra model.  

In the first part, we will overview the stability properties of the two-

dimensional Lotka-Volterra model. In the second part we will assume 

that the phenotype space can be modelled by a body of the n-

dimensional Eucledian space, mutation is arbitrarily small 

(infinitesimal) and the interaction parameters of the Lotka-Volterra 

model are smooth  functions (actually quadratic polynomials) of the 

phenotypes. Based on these assumptions we will characterize both 

evolutionary stability and the possible mutation directions. The latter 

means that for a given resident state we describe the direction of 

phenotypic change implying that mutants will spread, die out or 

infiltrate into the system, respectively. This characterization is strictly 

based on local and global asymptotic behaviour of the ecological 

dynamics. 
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2 Ecological Selection 

Since the basic idea of our approach is that the evolutionary change is 

determined by the local qualitative behaviour of the ecological 

dynamics, first we have to collect well-known results concerning the 

asymptotic behaviour of the two-dimensional Lotka-Volterra model. 

Let us suppose that the logistic model describes a monomorphic 

resident population, in which individuals interact with each other. 

Suppose that the interactions between individuals depend on their 

genetically fixed phenotypes. Thus we have an interaction function 

RSSf →×: , where S is the set of possible phenotypes. Since we 

suppose that the resident population is monomorphic, each individual 

has a phenotype Sx ∈ . Let us denote by Rn ∈1  the density of the 

resident individuals and let Rr ∈  be the basic fitness. Then we have 

the following resident model  

( )( )111 , nxxfrnn +=
•

.      (1) 

Obviously, this resident population has an equilibrium density 

( )xxf

r
n

,
ˆ1 −=  if and only if 0>r , and ( ) 0, <xxf . In this paper these 

inequalities are always supposed. 

Now assume that a mutant subpopulation arises with 

phenotype Sy ∈ . Let Rn ∈2  denote the density of the y-mutants. For 

the sake of simplicity we assume that the basic fitness of different types 

is the same. Thus we have the following co-evolutionary Lotka-

Volterra model 
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( ) ( )( )

( ) ( )( ).,,

,,

2122

2111

nyyfnxyfrnn

nyxfnxxfrnn

++=

++=
•

•

    (2) 

 

From the evolutionary view point, the first question is when the 

mutant can, and when can not invade into the resident population. 

2.1 What kind of mutant can not invade into the resident 

population? 

Under the assumption that the density of the mutants is small, one of 

the possible mathematical descriptions of uninvadability is that the 

resident equilibrium, ( )
( ) 








−= 0,

,
0,1̂

xxf

r
n , is locally asymptotically 

stable. We have two cases: 

2.1.1 The first case corresponds to the starting point of the adaptive 

dynamics school: Assume that the mutant’s fitness, ( ) 1
2

2 ˆ, nxyfr
n

n
+=

•

, 

is strictly negative near the resident equilibrium. Then the mutant 

obviously can not invade. Clearly, if 

( ) ( )xyfxxf ,, > ,       (3) 

then ( )0,ˆ1n  is locally asymptotically stable. 

2.1.2 Now suppose that the mutant is neutral, i.e. 

( ) 0ˆ, 1
2

2 =+=

•

nxyfr
n

n
. Then at the resident equilibrium the mutant has 

the same fitness as the resident, if 

( ) ( )xyfxxf ,, = .       (4) 
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An easy calculation shows that the Jacobian of (2) at the resident 

equilibrium has a zero eigenvalue, thus we have to use method of the 

centre manifold which gives that if 
( ) ( )

( )
0

,

,,
=

−

xxf

xyrfxxrf
 and 

( ) ( ) ( ) ( )
( )

0
,

,,,,
<

−

xxf

xyfyxfxxfyyf
 the n=0 is locally asymptotically 

stable. Summing up, 

( ) ( )xyfxxf ,, =  and ( ) ( ) 0,, >− yxfyyf ,    (5) 

guarantee the uninvadabilty of the resident population.  

We note that if ( ) ( ) 0,, =− xyfxxf  and ( ) ( ) 0,, =− yxfyyf , then 

the n1-isocline is a zero ray, containing equilibrium points. 

 

From the evolutionary viewpoint a more important case is when the 

mutant can invade into the population. 

 

2.2 What kind of mutant can invade into the resident population? 

From an ecological perspective, a successful invasion requires the 

resident equilibrium to be unstable. We have two cases 

2.2.1 Obviously, if the mutant has positive fitness near the resident 

equilibrium, i.e. ( ) 0ˆ, 1 >+ nxyfr , then the mutant will invade. In other 

words, if ( ) ( )xyfxxf ,, < , then ( )0,ˆ1n  is locally unstable.  

2.2.2 In the case when the mutant is neutral at the resident equilibrium, 

i.e. ( ) ( )xyfxxf ,, = , applying centre manifold technique we get that  

 ( ) ( )xyfxxf ,, =  and ( ) ( )yxfyyf ,, ≥ , 

which imply that the resident equilibrium is unstable.  
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Remark 1 It is known that the ESS definition of Maynard Smith has 

the following form: if the mutant is rare (i.e. its initial density is small) 

then Sx ∈∗   is an ESS if the following two conditions hold: 

Equilibrium condition:  

 ( ) ( )∗∗∗ ≥ xyfxxf ,,  for all Sy ∈ .  

Stability condition:  

 if for an Sy ∈  ( ) ( )∗∗∗ = xyfxxf ,,  then    ( ) ( )yyfyxf ,, >∗ . 

 

After the successful invasion of mutants there are two possibilities. 

The first one is that invader mutants and residents coexist. Coexistence 

in the Lotka-Volterra model means that either there is a locally 

asymptotically stable rest point of dynamics (2), or there is a stable 

limit cycle. In both cases there must exist an interior rest point of 

dynamics (2). We will consider only the case of locally asymptotically 

stable rest point. The second possibility is that the mutant replaces the 

resident population. Then if the interior rest point exists, it must be 

unstable. 

 

2.3 What kind of mutant can coexist with the resident?  

From ecological viewpoint, coexistence will arise if the resident 

equilibrium is unstable, and there is an appropriate neighbourhood of 

the resident equilibrium such that each trajectory starting from this 



Adaptive Dynamics Based on Ecological Stability                                                                   
    11 

 11 

neighbourhood will not go to a locally asymptotically stable resident 

equilibrium5. 

First question is: when does interior equilibrium exist? It is easy to 

see that, if ( ) ( ) ( ) ( )( ) 0,,,, ≠− xyfyxfyyfxxf , then the unique interior 

rest point has the following coordinates:  

( ) ( )
( ) ( ) ( ) ( )

( ) ( )
( ) ( ) ( ) ( )xyfyxfyyfxxf

xxrfxyrf
n

xyfyxfyyfxxf

yyrfyxrf
n

,,,,

,,

,,,,

,,

2

1

−

−
=

−

−
=

∗

∗

. 

For the coexistence we need that each coordinate of the interior 

equilibrium is positive, ( ) 2
21 , +
∗∗ ∈ Rnn , i.e.  

 ( ) ( )( ) =− yyfyxf ,,sign ( ) ( )( )xxfxyf ,,sign −  

 ( ) ( ) ( ) ( )( ) 0,,,,sign ≠−= xyfyxfyyfxxf .  

If ( ) ( ) ( ) ( ) 0,,,, =− xyfyxfyyfxxf  then there is no unique interior 

equilibrium. In this case each point of the graph of function 

( ) ( )
( )
( ) 21

,

,,
n

yr

yyf

xxf

r

xxf

r
n −−=  is an equilibrium. This degenerate 

case is also excluded. 

 

2.3.1 Stable coexistence 

The second question is: When is an interior rest point locally 

asymptotically stable? First, let us consider the case when local 

asymptotic stability of ( ) 2
21 , +
∗∗ ∈ Rnn  is guaranteed by the linearization 

                                                           
5 In case of general ecological dynamics, the situation is more complex since it is possible that 

in each neighbourhood of the resident equilibrium there exists an initial state from which the 
mutant goes extinct, and another initial state from which the system goes to coexistence. 
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method. An easy calculation shows that both eigenvalues of the 

Jacobian of (2) have negative real part if and only if 

( ) ( ) 0,, 21 <+ ∗∗ yyfnxxfn  and ( ) ( ) ( ) ( ) .0,,,, >− xyfyxfyyfxxf  From 

the latter inequality, for the existence of a unique interior equilibrium 

we have  

( ) ( ) 0,, >− yyfyxf , 

( ) ( ) 0,, >− xxfxyf . 

From an ecological point of view, these inequalities mean the 

following: if the competition within clones is stronger than the 

competition between clones then there always exists a unique locally 

asymptotically stable interior equilibrium. 

Observe that the latter inequality is the same as 2.2.1, guaranteeing 

the invadability by the mutant. Underlying this result is the fact that the 

Lotka-Volterra model has linear isoclines6. In other words, in our two-

dimensional Lotka-Volterra model, since the interior equilibrium is also 

globally asymptotically stable, the above conditions also guarantee the 

invadability by the mutant, as well. 

Summing up the above four inequalities imply the existence and 

local asymptotic stability of ( ) 2
21 , +
∗∗ ∈ Rnn . 

 

2.4. What kind of mutant can replace the resident population? 

The replacement process in ecological terms means that the resident 

equilibrium is unstable, and there is an appropriate neighbourhood of 

                                                           
6 Obviously, if the ecological dynamics are more complex, then the condition for local 

asymptotic stability of the interior rest point may be independent from the condition of 
invadability by the mutant, which is a local condition for the resident equilibrium laying on 
the border of the positive orthant. 
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the resident equilibrium such that each trajectory starting in this 

neighbourhood arrives in the resident equilibrium. Consequently, the 

mutant equilibrium, ( )
( )









−=

yyf

r
n

,
,0ˆ,0 2 , is necessarily 

asymptotically stable. Of course, for the existence of an equilibrium of 

the mutant clone we need 0>r  and ( ) 0, <yyf . Similar to the above 

resident equilibrium, for the mutant equilibrium we also have two cases 

a) If ( ) 0ˆ, 2 <+ nyxfr , then ( )2ˆ,0 n  obviously is locally asymptotically 

stable. Since ( ) 0, <yyf , we have ( ) ( )yxfyyf ,, > . 

b) Now suppose that ( ) 0ˆ, 2 =+ nyxfr , i.e. ( ) ( )yxfyyf ,, = .  

Similar to the case of the resident equilibrium, the Jacobian has a zero 

eigenvalue, and again from centre manifold theory we get that the 

mutant equilibrium is locally asymptotically stable if and only if either 

( ) ( )yxfyyf ,, >  or both ( ) ( )yxfyyf ,, =  and 

( ) ( ) ( ) ( ) 0,,,, >− xyfyxfyyfxxf  are fulfilled. 

From the above we get that if the interior equilibrium is unstable then 

both the resident and the mutant equilibria are locally asymptotically 

stable. So, in the two-dimensional Lotka-Volterra model the mutant can 

not invade. Thus, in the case of replacement there is no interior rest 

point. We have the following three main possibilities: 

2.4.1 The mutant has positive fitness both near the resident equilibrium 

and near mutant equilibrium, which are guaranteed by 

 ( ) ( )xyfxxf ,, < , 

 ( ) ( )yxfyyf ,, > . 
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2.4.2 The mutant has positive fitness near the resident equilibrium and 

is neutral at the mutant equilibrium, but the mutant equilibrium is 

locally asymptotically stable, which is guaranteed by  

 ( ) ( )xyfxxf ,, < , 

 ( ) ( )xyfyyf ,, =  and ( ) ( )xyfxxf ,, < . 

2.4.3 The mutant is neutral at the resident equilibrium and the resident 

has negative fitness near the mutant equilibrium: 

 ( ) ( )xyfxxf ,, =  and ( ) ( )yxfyyf ,, > , 

 ( ) ( )yxfyyf ,, > . 

 

2.5 Adaptive change in the competitive Lotka-Volterra model 

We emphasise at this point that we do not assume that the mutation 

produces only arbitrarily small change in phenotype. Now let us 

consider only the case of a Lotka-Volterra type competitive interaction, 

i.e. −→× RSSf : . Observe that there is no assumption on the 

phenotypic space. If mutation is rare but arbitrary we have two 

different evolutionary scenarios: The first, more usual case is when the 

y -mutant can replace the x -resident if  

 either ( ) ( )xxfxyf ,, >  and ( ) ( )yxfyyf ,, ≥ ,  

 or ( ) ( )xxfxyf ,, =  and ( ) ( )yxfyyf ,, > . 

The second rare case is when stable dimorphism evolves with a locally 

asymptotic ecological rest point. Observe that there is no assumption on 

the connection between resident and mutant phenotypes, thus a 

“branching” occurs if and only if ( ) ( )yyfyxf ,, >  and 

( ) ( )xxfxyf ,, > . 
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In this set up, there is a discrete series of the phenotypes, thus there is 

no continuous dynamics in the phenotype space to describe the 

evolutionary change in phenotypes.  

 

 

3 Multi-dimensional Interaction Function 

Following the theory of continuous ESS and the theory of adaptive-

dynamics, let us suppose that n
RS ⊂  is a body with piece-wise smooth 

surface, and the interaction function × →n nf : R R R  is a quadratic 

polynomial smooth with respect to both phenotypes. Moreover we also 

suppose that the evolution can change the phenotype in very small 

steps, described by the vectors of the set  { }= − ∈ ∈n
xT : y x R y S 7 is 

arbitrary small vector. We can suppose that f  is negative on ×S S . The 

arbitrary small mutation is a strict restriction since all requirements 

become local conditions. 

In the following we want to characterize the evolutionary event in 

terms of the interaction function f. We introduce the following 

notations ( ) ( )21
1
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1

,:, zz
z

f
zz

f

ii ∂

∂
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∂

∂
, ( )
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f
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∂
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1
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,  :, zz
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∂
=

∂∂

∂
, and so on. The gradient  

( ) ( ) ( ) ( ) ( ) n
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Rzz
z

f
zz

z

f
zz

z

f
zz

z

f
zzf

221
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1
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1
1

21 ,,...,,,,,...,:,grad ∈
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∂

∂

∂

∂

∂

∂
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in partitioned form will be written as 
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 ( ) ( ) ( )( ) nRzzfzzfzzf 221
2

21
1

21 ,grad,,grad:,grad ∈= .  

Furthermore, the Hessian matrix of function f is the following  
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Later on we will use the following partitioned form of this Hessian 

 ( ) ( ) ( )
( ) ( )










=

2121

2121

21

,,

,,
:,

2212

1211

zzzz

zzzz
zz

FF

FF
F . 

Let ( ) ( ) ( ) nR2,,0,,0 ∈ξξξξ , where nR∈ξ  and 0 is the n-

dimensional zero vector. Since for the simplicity we assumed that the 

interaction function is a quadratic polynomial of its variables, using this 

notation, for the corresponding Taylor polynomial we get the following 

equalities: 

 ( ) ( ) ( ) ( ) ( ) ( ) 







++=

ξ
ξξ

,0
,,0

2

1
0,,grad,, xxxxfxxfyxf F  

 ( ) ( ) ( ) ( ) ( ) ( ) 







++=

0

,
,0,

2

1
0,,grad,,

ξ
ξξ xxxxfxxfxyf F  

 ( ) ( ) ( ) ( ) ( ) ( ) 







++=

ξ

ξ
ξξξξ

,
,,

2

1
,,grad,, xxxxfxxfyyf F . 

 

                                                                                                                                           
7 Tx is usually called the tangent cone of S at x. 
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4 Evolutionary Ecological Stability 

Here we characterize the terminal state of evolution, in terms of a given 

interaction function f. We have already shown in 2.1.1 and 2.1.2, what 

kind of mutant can not invade into the resident population. 

4.1.1 The first case again is, when mutant’s fitness is negative near the 

resident equilibrium. Then the condition of univadability, 

( ) ( )xyfxxf ,, > , reads as follows: 

 either ( ) 0,,grad1 <ξxxf ,  

 or ( ) 0,,grad1 =ξxxf  and ( ) 0,11 <ξξ xxF . 

Hence we obtain that if the interaction function f attains a strict 

maximum in its first variable at x, while the second variable is fixed at 

x, then there is no invader mutant. In game-theoretical terms this means 

that x is a strict best reply against itself.  

4.1.2 As we have seen above, when the mutant is neutral, i.e. 

( ) ( )xyfxxf ,, = , then ( ) ( )yxfyyf ,, <  guarantees the uninvadabilty 

of the resident population. At first glance, this possibility does not seem 

to be important since it is defined only by the equality of the mutant’s 

and resident’s fitness. Nevertheless, from evolutionary (cf. definitions 

of ESS) and mathematical point of view, this is a very important case, 

since if ( ) ( )xyfxxf ,, =  holds for all mutant phenotypes, we get that x 

is a Nash-equilibrium. As mentioned above, the resident equilibrium is 

locally asymptotically stable, if ( ) ( )yxfyyf ,, < , which means 
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( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

01
grad 0 0

2

1
grad

2

 
+ +  

 

 
> + +  

 

,
f x,x f x,x , , x,x

,
f x,x f x,x , , x,x .

ξ ξ
ξ

ξ
ξ ξ ξ ξ

ξ

F

F

 

The dominant part of the latter inequality is  

 ( ) ξxxf ,grad0 1≥ . 

If ( ) ξxxf ,grad0 1=  then  

 ( ) ( ) ( ) ( )ξξξξξξξξ xxxxxxxx ,,2,, 22121122 FFFF ++>  

 ( ) ( )ξξξξ xxxx ,2,0 1211 FF +> . 

Following Maynard Smith’s idea we shall say x* is a Lotka-Volterra 

Evolutionarily Stable Strategy (LV-ESS)8 if the overwhelming majority 

of the population have phenotype x* and no rare mutant can invade into 

the population. Now we are in the position to describe Maynard 

Smith’s ESS definition in terms of the interaction function.  

For evolutionary stability, conditions of 4.1.1 and 4.1.2 must be 

simultaneously satisfied for all possible phenotypic mutation directions. 

As we have seen ( ) 0,,grad1 ≤ξxxf  must hold. If ξ  and − ∈ xTξ , 

then this inequality must be hold for ξ  and ξ− , as well, thus for this ξ  

we have ( ) 0,,grad1 =ξxxf . Therefore, if Sx int∈∗  then equality 

holds for all mutation direction ξ . Summarizing, if function f is a 

polynomial of the seconds degree, x* is an LV-ESS if and only if the 

following conditions hold  

                                                           
8 Although LV-ESS is strictly based on the one-species ESS, we use a different name, since the 

concept of LV-ESS strongly depends on the ecological dynamics, cf. Cressman & Garay 
(2003 a,b), the mutation is also supposed to be arbitrarily small, thus it is a local notion, 
moreover the interaction coefficient is a smooth function of its variables. 
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Equilibrium condition: for all ∈ xTξ  small enough 

 ( ) 0,,grad1 ≤∗∗ ξxxf , and  

 if ( ) 0,,grad1 =∗∗ ξxxf  then ( ) 0,11 ≤∗∗ ξξ xxF . 

Stability condition: If for some ST∈ξ  ( ) 0,,grad1 =∗∗ ξxxf  and  

 ( ) 0,11 =∗∗ ξξ xxF , then 

 ( ) .0,12 <∗∗ ξξ xxF  

 

Clearly, the above Lotka-Volterra based, one-species LV-ESS is a 

continuous version of the Maynard Smith’s ESS. However, there is an 

important difference between the ESS of the adaptive dynamics 

approach and LV-ESS, since the latter allows to take into account the 

neutral mutants (when ( ) 0,,grad1 =∗∗ ξxxf  and ( ) 0,11 =∗∗ ξξ xxF ), 

when the stability depends on the resident-mutant interaction. This 

means that ESS of the adaptive dynamical approach implies LV-ESS, 

but not conversely. 

 

 

5 Adaptive Changes  

5.1 In which direction can the phenotypes change? 

As above, here we have also two possibilities for invadability: 

5.1.1. Suppose that the mutant’s fitness is positive. Similarly to 4.1.1, 

we get, ( ) 0,,grad1 ≥ξxxf .If ( ) 0,,grad1 =ξxxf  then 

( ) 0,11 >ξξ xxF . 
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We emphasise, that this statement is known from the adaptive 

dynamical approach states. There is only one main difference between 

them, namely, in our set-up there is no reason to suppose that the 

evolution follows the gradient of the fitness function at resident 

equilibrium, cf. Dickmann & Law (1996). As a matter of fact, our 

approach is strictly based on the assumption that there is only one 

monomorphic mutant population. That is the reason why the qualitative 

behaviour of the two-dimensional Lotka-Volterra model determines the 

evolutionary events. Since it can be supposed that mutation “chooses” 

mutant phenotypes at random, there is no reason to suppose that the 

direction of evolution is the same as the gradient of the fitness of the 

mutant. 

5.1.2 Suppose that the mutant is neutral, as we have seen in 4.1.2. The 

neutrality condition reads ( ) ( )xyfxxf ,, = , i.e. ( ) 0,,grad1 =ξxxf  

and ( ) 0,11 =ξξ xxF . In the case of neutrality of the mutant, the resident 

equilibrium is locally unstable if ( ) ( )yxfyyf ,, > . In parallel with 

4.1.2, we get ( ) ( ) 0,,2 1112 >+ ξξξξ xxxx FF . Observe that this possibility 

is neglected by the adaptive dynamics approach. Summarizing, a 

direction of successful phenotypic change of evolution is characterized 

by the following inequalities 

( ) 0,,grad1 ≥ξxxf . 

 If ( ) 0,,grad1 =ξxxf  then ( ) 0,11 ≥ξξ xxF .  

 If ( ) 0,grad1 =ξxxf  and ( ) 0,11 =ξξ xxF  then ( ) 0,12 >ξξ xxF . 
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5.2 After the mutant successfully invades the resident population, there 

are two possibilities: either stable coexistence arises or the mutant 

replaces the resident population. 

5.2.1 What kind of mutant can coexist with the resident?  

As above, we consider only the case of the locally asymptotically stable 

rest point of the competition model, (i.e. when for all Syx ∈,  

( ) ( )yyfyxf ,,, , ( ) ( ) 0,,, <xxfxyf , and 0>r ). As we have seen 

above, for the stable coexistence we need ( ) ( ) 0,, >− yyfyxf  and 

( ) ( ) 0,, >− xxfxyf . 

Inequality ( ) ( ) 0,, >− yyfyxf  holds if ( ) 0,,grad1 ≤ξxxf , and 

( ) 0,,grad1 =ξxxf  implies ( ) ( ) 0,2, 1211 <+ ξξξξ xxxx FF .  

Inequality ( ) ( ) 0,, >− xxfxyf  holds if ( ) 0,,grad1 ≥ξxxf , and 

( ) 0,,grad1 =ξxxf  implies ( ) 0,11 >ξξ xxF .  

Summing up, in direction ξ  speciation occurs, if  

 ( ) 0,,grad1 =ξxxf , ( ) 0,11 >ξξ xxF  and  

 ( ) ( ) 0,2, 1211 <+ ξξξξ xxxx FF . 

Observe that the latter two inequalities imply that ( ) 0,12 <ξξ xxF . 

Moreover, the first and the second inequalities imply that the speciation 

state x must be a Nash equilibrium of the function –f, which means that 

the interaction function attains a minimum in its first variable at x, 

while its second variable is fixed at x. 

The first two of the above three inequalities are the same as those of 

the adaptive dynamics approach, which guarantee “branching”. Both of 
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them start from the minimum fitness of the resident, where the fitness 

gradient is zero. The reason for this is that, ( ) ( ) 0,, >− yyfyxf  implies 

that the resident can invade the mutant equilibrium and 

( ) ( ) 0,, >− xxfxyf  implies that mutant can invade the resident 

equilibrium, cf. Geritz at al. (1997). Although the conditions of 

branching are the same in the adaptive dynamics and our approach, this 

condition from our viewpoint guarantees the global asymptotic stability 

of the interior rest point, thus it also implies that the system is 

permanent, as well. From dynamical viewpoint this is more important 

then the fact that the mutant and resident rest points are locally 

unstable.  

 

Remark 2 Suppose that the interaction function f is linear in its first 

variable, i.e. ( ) ( )2121, zgzzzf = . It is easy to see that the strict 

inequalities ( ) ( ) 0>− ygyx  and ( ) ( ) 0>− xgxy  only together can 

guarantee the coexistence. Since the mutation is arbitrary small, we 

have ( ) ( ) ( )ξ,xoxgyg += , where ( ) 0,
0

 →
→ξ

ξxo . Thus 

( ) ( ) ( )( ) 0, >+− ξxoxgyx , implying ( ) ( ) 0≥− xgyx , which is a 

contradiction with ( ) ( ) 0>− xgxy . This means that in the situation 

when the Lotka-Volterra model describes the ecological selection, 

mutation is arbitrarily small, the interaction function is smooth and 

linear its first variable, only the replacing process is possible, speciation 

is not. 
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5.2.2. What kind of mutant can replace the resident population? 

As we have seen in 2.4., we have the following three possibilities:  

5.2.2.1 The mutant has positive fitness both near the resident 

equilibrium and near mutant equilibrium. In 2.4.1 we have seen that 

these are guaranteed by ( ) ( )yxfyyf ,, >  and ( ) ( )xxfxyf ,, > .  

Inequality ( ) ( )yxfyyf ,, >  holds if ( ) 0,,grad1 ≥ξxxf , and 

( ) 0,,grad1 =ξxxf  implies ( ) ( ) 0,2, 1211 >+ ξξξξ xxxx FF . 

Inequality ( ) ( )xxfxyf ,, >  holds if ( ) 0,,grad1 ≥ξxxf , and 

( ) 0,,grad1 =ξxxf  implies ( ) 0,11 >ξξ xxF .  

Summarizing, the resident dies out while the mutant persists, if the 

following inequalities holds: 

either ( ) 0,,grad1 ≥ξxxf , 

or ( ) 0,,grad1 =ξxxf  and  

 ( ) 0,11 >ξξ xxF  with  

 ( ) ( ) 0,2, 1211 >+ ξξξξ xxxx FF . 

5.2.2.2 The mutant has positive fitness near the resident equilibrium 

and resident is neutral at the mutant equilibrium, but the mutant 

equilibrium is locally asymptotically stable. In 2.4.2 we have seen that 

these are guaranteed by  

 ( ) ( )yxfyyf ,, =  and ( ) ( )xyfxxf ,, < . 

Inequality ( ) ( )xxfxyf ,, >  holds if either ( ) 0,,grad1 ≥ξxxf , or 

( ) 0,,grad1 =ξxxf  and ( ) 0,11 >ξξ xxF .  

Moreover, ( ) ( )yxfyyf ,, =  holds if  
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 ( ) ( ) ( ) 0,
2

1
,,,grad 22121 =++ ξξξξξ xxxxxxf FF . 

5.2.2.3. The mutant is neutral at the resident equilibrium and resident 

has negative fitness near the mutant equilibrium, i.e.  

 ( ) ( )xyfxxf ,, =  and ( ) ( )yxfyyf ,, > . 

Equality ( ) ( )xyfxxf ,, =  holds if  

 ( ) ( )ξξξ xxxxf ,
2

1
,,grad0 111 F+= . 

Inequality ( ) ( )yxfyyf ,, >  holds if either ( ) 0,,grad1 ≥ξxxf , or 

( ) 0,,grad1 =ξxxf  and ( ) ( ) 0,2, 1211 >+ ξξξξ xxxx FF . 

 

 

6 Discussion 

The whole this paper is based on the following two conditions: First, 

mutation is a very rare event, which implies on the one hand, that the 

density of the mutant is very small, on the other hand, at most one 

mutant phenotype arises in each species at a time. Furthermore, before 

a new mutation occurs, the ecological selection has enough time to 

eliminate the less fit phenotypes. Moreover, the mutation is not 

arbitrarily small, in general. Second, in coevolution the selection is 

determined by the ecological interaction of the different species. The 

main point is that the future of mutants is determined by all their 

ecological interactions, and not by the competition between them and 

their resident. The outcome of the ecological selection is given by the 

asymptotic behaviour of the ecological dynamics. The mutants’ future 

is determined by the local asymptotic behaviour of the co-evolutionary 
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dynamics near the equilibrium ( ) nRn 20, ∈∗ . If the latter is unstable then 

the mutant can invade into the resident system. After that, the mutant 

can replace the resident or infiltrate into the system accordingly to the 

global behaviour of the ecological dynamics. Obviously, the co-

evolutionary outcome strictly depends on the ecological interactions. In 

this paper we consider only the Lotka-Volterra type ecological model. 

If we consider another ecological model, the condition for qualitative 

behaviour of the rest point will change according to the new ecological 

dynamics. 

In the first part of this paper we considered arbitrary mutations, while 

in the second part, we followed the adaptive dynamics approach, 

supposing that the phenotypic space is a continuum and the interaction 

is a smooth function of the phenotypes. The presented dynamic 

approach can be considered as a generalization of the adaptive 

dynamics approach, since the cases investigated in the framework of 

adaptive dynamics (when the fitness of the mutant is strictly higher 

than that of the residents) are also considered in the dynamical 

approach, but the latter also deals with the case of neutral mutants 

(when the mutant has the same fitness as the resident). The natural 

generalization for general multi-species co-evolutionary system is also 

an important possibility.  

Nevertheless, there is an essential difference between the approach 

presented in this paper and the adaptive dynamics approach. Namely, 

since mutation is very rare, there is no reason to assume that evolution 

follows any gradient (cf. Vincent et al. (1996)). In the adaptive 

dynamics approach it is stated that the evolutionary change in 
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phenotype can be described by 
( )

yx
y

yxmnW

dt

dy
=

∂

∂ ,,,
~ , see Dieckmann 

& Law (1996). In the gradient system it is assumed that mutation can 

find the best phenotypic direction, but it is supposed that mutants can 

“scan” all possible mutation directions, which means that all kinds of 

mutants occur. Thus at each non ESS resident state we have a set of 

invadable phenotypes. As a result, a differential inclusion dynamics can 

be described the qualitative behaviour of the co-evolutionary process 

(cf. Cresmann & Hofbauer 2005).  

Our approach is different, since we assume that mutation is rare, thus 

there is no reason to suppose that at all non-ESS states the “best” 

phenotypic change, i.e. the gradient, arises. In this view the final state 

of coevolution may depend strictly on random mutation events, if there 

are several different ESSs in the phenotype space.  
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