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a b s t r a c t

A refuge model is developed for a single predator species and either one or two prey species where no
predators are present in the prey refuge. An individual’s fitness depends on its strategy choice or ecotype
(predators decide which prey species to pursue and prey decide what proportion of their time to spend
in the refuge) as well as on the population sizes of all three species. It is shown that, when there is a
single prey species with a refuge or two prey species with no refuge compete only indirectly (i.e. there is
only apparent competition between prey species), that stable resident systems where all individuals in
each species have the same ecotype cannot be destabilized by the introduction of mutant ecotypes that
are initially selectively neutral. In game-theoretic terms, this means that stable monomorphic resident
systems, with ecotypes given by a Nash equilibrium, are both ecologically and evolutionarily stable.
However, we show that this is no longer the case when the two indirectly-competing prey species have a
refuge. This illustrates theoretically that two ecological factors, that are separately stabilizing (apparent
competition and refuge use), may have a combined destabilizing effect from the evolutionary perspective.
These results generalize the concept of an evolutionarily stable strategy (ESS) to models in evolutionary
ecology. Several biological examples of predator–prey systems are discussed from this perspective.

© 2009 Elsevier Inc. All rights reserved.
1. Introduction

It is well recognized that there is a fundamental connection
between ecology and evolution, expressed succinctly through the
metaphor ‘‘The ecological theater and the evolutionary play’’ by
Hutchinson (1976). For instance, ecological traits that describe
animal behavior such as habitat usage and foraging strategy are the
object and result of natural selection. Thus, to study the stability
of an ecological system, one must not only consider ecological
perturbations that disturb the densities of species in the ecosystem
but also evolutionary perturbations when new mutant ecotypes
arise and potentially invade the ecosystem. When these systems
contain several interacting species, the fitness of any individual
will depend on its own ecotype as well as on those of all other
interacting individuals which coexist in this ecosystem. That is, the
evolutionary play contains an underlying game-theoretical model
(c.f. Brown et al., 1999).
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Evolutionary game theory is one of themost successful tools for
understanding the evolution of animal behavior when population
densities are fixed. Its classical stability notion of an evolutionar-
ily stable strategy (ESS) demands that there is no mutant behavior
which can invade a resident population where individuals behave
according to the ESS (Maynard Smith, 1982). In population ecology,
it is also natural to ask whether new ‘‘ecotypes’’ can successfully
invade an existing stable resident ecosystem. In previous work
(Cressman and Garay, 2003a,b), we introduced a multi-species
density-dependent evolutionary stability notion in a general theo-
retical settingwhich requires that all possiblemutant ecotypeswill
die out under the ecological dynamics. This notion of evolutionary
stability is based on two main assumptions; namely, that the be-
havior of each individual is passed on to its offspring and that mu-
tations are rare.1 Both of these assumptions are generally accepted
inmodels of evolutionary ecology (e.g.Marrowet al., 1996; Vincent
and Brown, 2005; Cressman and Garay, 2006; Kun and Scheuring,
2006). Moreover, there is empirical evidence that genetic inheri-
tance plays an important role in prey foraging and predator search
behaviors (e.g. Hughes and Taylor, 1997; Lister and Neff, 2006)

1 Specifically, this last assumption is that at most one mutant ecotype in each
species can arise at a given time and that there is enough time between mutations
to select out the less fit ecotypes.
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and that prey response to predator behavior is an inherited trait
(Abjörnsson et al., 2004).
In order to have an evolutionary play in an ecological theater, at

least one of the speciesmust have two (ormore) behavioral choices
(called two pure strategies in game-theoretic terminology). In
our predator–prey models, either prey have a refuge (and so a
behavioral choice ofwhether or not to use their refuge) or there are
two prey species (in which case the predator has a choice of which
prey to search for). In fact, our final model (Section 4.1) combines
both aspects since it consists of one predator species and two prey
species, each with a refuge. From an ecological point of view, this
is a minimal food web with three species where each species acts
in an evolutionary play.
Our approach to study stability in these multi-species preda-

tor–prey ecosystems is an evolutionary ecological one that com-
bines the game-theoretic ESS approach of Maynard Smith (1982)
with ecological dynamics. We assume that the ecotype of each in-
dividual in the system that belongs to a species engaged in an evo-
lutionary play is characterized by the amount of time spent in each
habitat (for a prey) and the dietary intake (for a predator). By in-
troducing rare mutant ecotypes for each of these species into a
monomorphic resident system,we examinewhether ecological se-
lection will eventually fix the best ecotypes in each species. After
a brief general discussion in Section 2 of models (based on multi-
habitat multi-species predator–prey systems) that combine evolu-
tion and ecology as well as of literature related to refuge systems,
Sections 3 and 4 deal with specific models that incorporate prey
refuges.
In Section 3, where there is a single prey species, we find that

the refuge can stabilize a predator–prey system that would be
unstable without it but can never destabilize an otherwise stable
system. This phenomenon is well-known for ecological models
(McNair, 1987). What is new here is that the stabilizing effect
of a refuge continues to operate when behavioral evolution is
combinedwith ecology. In Section 4,wherewe assume that there is
no direct competition between the two prey species, we show that
evolutionary effects cannot destabilize a stable ecosystem when
there is no refuge. However, we go on to show that combining
a refuge with apparent competition (Section 4.1) may produce
instability, a surprising result given the stabilizing effect of either
factor on its own. The results and methods are summarized and
discussed further in the final section.

2. The multi-habitat predator–prey model and refuge systems

When prey species can be in several different habitats, indi-
vidual animals have many behavioral possibilities. Each individ-
ual must choose its habitat. If there is more than one prey species,
predators must decide which type of prey to pursue and/or attack
as well as in which habitat to search for these prey. Similarly, if
there are different types of possible predators, prey may develop
specific anti-predator traits for one predator species or adopt a
more generalized approach. All of these choices, which we char-
acterize by the individual’s ecotype (i.e. strategy), will affect the
ecological interactions in a given habitat.
These interactions in turn affect an individual’s fitness. Since

the fitness of each individual is maximized according to Darwinian
theory, the above strategy choices will evolve over time. Further-
more, since fitness depends not only on the ecotype of the indi-
vidual in question but also on that of other individuals it interacts
with, this evolutionary aspect of a multi-species multi-habitat
model contains an evolutionary game. That is, such a model
combines both evolutionary and ecological factors in predicting
individual and population behavior.
The general model outlined above is more complicated when

prey (or predators) in a given species and given habitat can
exhibit several ecotypes. For instance, these prey may be able to
adopt different speeds to evade predators in this habitat, thereby
introducing an evolutionary game among the ecotypes at this
sublevel (see Eshel et al., 2006).
In this article, we simplify our models by assuming that all in-

dividuals in a given species have the same fitness in a given habi-
tat and that fitness depends only on the number of predators and
prey of each species in this habitat. Each habitat is then a homoge-
nous environment where all individuals of the same species have
the same ecotype. Furthermore, we assume that there is a single
predator species throughout. We also restrict prey species to have
at most two habitats, the second of which is a refuge free from pre-
dation. These assumptions allow us to focus on the primary ob-
jective of examining evolutionary-ecological stability in complex
ecosystems rather than on complications that arise through fitness
functions based on general multi-species interactions.
Predator–prey refuge systems with a single prey species as in

Section 3 are a well-studied ecological phenomenon. There are
many biological examples where individual prey can decrease
their predation risk by using a refuge, which may be a habitat
that is spatially separate (e.g. Sih, 1987a), a phase of the prey life
history that is temporally separate (e.g. Holbrook and Schmitt,
2002; Mnaya et al., 2006), a collective behavior of prey such as
aggregation into herds (e.g. Edmunds, 1974; Loveridge et al., 2006),
etc. For the evolutionary ecology analysis of ourmodels, the type of
refuge is not important (although we use phrases that suggest the
habitats are spatial). What is essential is that there is a trade-off
for prey between lowering predation risk by using the refuge and
potentially increasing their growth rate by leaving the refuge. For
spatial habitats, it is often assumed in the literature that the refuge
contains less food than the more risky habitat (or no food at all)
and predators rely exclusively on the prey for their survival (Fiksen
et al., 2005). Clearly, if the refuge always offers a higher growth
rate to the prey than that in risky habitats, then no animal will risk
predation in these latter habitats, thus eliminating the predators
(Ylönen et al., 2003).
Refuge systems automatically contain a prey choice of habitat

and this leads naturally to questions about the evolution of their
behavior. When there are also two (or more) prey species as in
Section 4, predators also have a behavioral choice. To isolate the
effects of behavioral evolution in these multi-species ecological
systems, we will assume that there is no direct competition (for
resources) between prey species. There are at least two reasons
this assumption is not overly restrictive. One2 is that there are
many prey species that exhibit thiswidely-studied phenomenon of
‘‘apparent competition’’ whereby prey (or hosts) do not compete for
food or space but only through a common predator (or parasitoid)
where the ‘‘competition’’ is to see which prey species is less
vulnerable to predation (Holt, 1977; Holt and Lawton, 1994). In
these multi-prey (or host) systems, the coexistence of prey is a
critical question. Thus, any aspect which decreases the efficiency
of predation, such as using a refuge, may also have important
consequences for apparent competition.

3. The refuge model with one prey species

In this section, there are two habitats. Prey either live in the
refuge or else in the open habitat where they are vulnerable to
predation. In themonomorphic resident system, all individual prey
spend a proportion p (where 0 ≤ p ≤ 1) of their time in the

2 Another reason is that, although apparent competition is usefulmathematically
to simplify the analysis of our models with two prey species, it becomes clear
through this analysis (see Discussion) that our methods can also be used to study
systems where prey compete directly.
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open and 1− p in the refuge. This p then characterizes the ecotype
of the prey (see Holt (1977) who uses the same approach). Since
predators have only one type of prey to pursue and there are
no predators in the refuge, there is no need to parameterize the
predator ecotype.
If the contributions to the fitness of an individual prey from its

two habitats are additive, the resident predator–prey dynamics is
determined once the individual fitness of predator and prey are
specified in the open habitat and the individual prey fitness is spec-
ified for the refuge. Let x and z be the prey and predator densities
(i.e. population sizes) respectively and p be the proportion of prey
in the open habitat.
First consider the open habitat with p = 1. We follow McNair

(1987) who based the predator–prey dynamics on a Gause-type
interaction; namely,

ẋ = x
(
rO −

f (x)
x
z
)

(1)

ż = z(−d+ kf (x)).

This models a situation where competition among prey is negligi-
ble since prey fitness, rO −

f (x)
x z, depends only on predation. From

the ecological point of view, this means that predation is ‘‘themost
important process’’ as explained byMcNair (1987) in the sense that
it keeps the prey density well under the carrying capacity of the
open habitat in his model. Here rO is the growth rate of the prey
population in the open habitat when there are no predators, the
per capita death rate of the predator population is d, and k is a pos-
itive efficiency parameter that converts a caught prey into predator
fitness.3 Finally, f (x)z is the total number of prey killed by preda-
tion per unit time. That is, f (x) is the individual consumption rate
of a predator (i.e. its functional response).
There are many forms of the predator functional response f (x)

in the biological literature.4Wewill assume that f (x) and f ′(x) are
both positive for x > 0 and that f (0) = 0 (i.e. there is no predation
when there are no prey). For instance, Holling type II (e.g. the
concave function f (x) ≡ ax

b+x ) and type III (e.g. the sigmoidal

function f (x) ≡ ax2

b+x2
) where a, b are positive parameters are

common choices that satisfy our conditions (Abrams andGinzburg,
2000).
If the fitness component of an individual predator due to

predation is greater than its death rate when the prey population
is large (i.e., if kf (x) > d for some x > 0), then there will be
a unique equilibrium (x∗, z∗) of (1) with x∗ > 0 and z∗ > 0.5
In this case (which we assume from now on), f (x∗) = d

k for a
unique x∗ > 0 and then z∗ = rokx∗

d . The stability analysis of this
‘‘interior’’ equilibrium (x∗, z∗) of (1) is straightforward (McNair,
1987). In fact, (x∗, z∗) is locally asymptotically stable6 if and only

3 Although we assume that k is a positive constant, other studies (e.g. McNamara
and Houston, 1992) consider k as a function of the number of prey caught by an
individual predator with certain properties such as concavity. The dynamics (1)
models predation risk as proportional to predator density as inMcNair (1987). Some
studies (e.g. Abrams, 1993) suggest a concave down function is more realistic.
4 In general, the functional response may also depend on the density z of
predators (Cosner et al., 1999; Cabello et al., 2007).
5 On the other hand, if kf (x) < d for all x > 0, the predators will die out and
the prey population grows exponentially. In particular, there is no equilibriumwith
x∗ > 0 and z∗ > 0. For the Holling II and III functional responses given above, this
occurs if and only if d > ka.
6 Here, we ignore the possibility that F ′(x∗) = 0, in which case the stability of
the equilibrium is not determined by F ′(x∗). By our assumptions on the functional
response f (x), F(0) = f ′(0) > 0. Moreover, if f (x) is convex, then F ′(x∗) > 0. For
Holling II, f (x) is concave and so (x∗, z∗) is unstable. On the other hand, for Holling
III, f (x) is convex for x sufficiently small and so (x∗, z∗) is locally asymptotically
stable if the equilibrium prey population is small.
if F ′(x∗) > 0 where

F(x) ≡
f (x)
x

can be interpreted as the probability that a fixed individual prey is
killed per unit time.
When p = 0 (i.e. all prey are in the refuge), we again follow

McNair (1987) by assuming that there is logistic growth of the prey
population with intrinsic growth rate rR and carrying capacity K .
That is,

ẋ = rRx
(
1−

x
K

)
.

Since the refuge can only include a fixed number of prey, individual
prey cannot move freely between habitats, especially when the
refuge is nearing capacity.7 The general conclusion is that this kind
of refuge has a strong stabilizing effect (Maynard Smith, 1974). The
intuition here is that a fixed size refuge can prevent the extinction
of prey, whose offspring are too many to all stay in the refuge
(i.e. the prey populationwill not remainmonomorphicwith p = 0)
and so coexistence with predators is expected since these prey
provide a continuing resource for the predator population.
When 0 < p < 1, there are px and (1−p)x prey in the open and

refuge respectively. For instance, for spatially-separated habitats,
Eisenberg et al. (2000) suggests the prey population continuously
moves between open habitat and refuge. For habitats based on
temporal or behavioral separation (Hochberg and Holt, 1995),
individual prey spend a proportion p of their time in each. If a prey
spends all of its time in the open (respectively, refuge), its fitness
would be

(
rO −

f (px)
px z

)
(respectively, rR

(
1− (1−p)x

K

)
). By our

assumption of additive fitness contributions, the individual fitness
of each prey of ecotype p is

(
rO −

f (px)
px z

)
p+rR

(
1− (1−p)x

K

)
(1−p).

That is, the monomorphic predator–prey dynamics is

ẋ = x
((
rO −

f (px)
px
z
)
p+ rR

(
1−

(1− p)x
K

)
(1− p)

)
(2)

ż = z(−d+ kf (px)).

For the monomorphic resident system with fixed prey ecotype
0 < p < 1, we are particularly interested in the existence and
stability of an equilibrium (x∗, z∗) of (2) with x∗ > 0 and z∗ > 0.
Then f (px∗) = d

k (i.e. the number of prey in the open, px
∗, is the

same as when p = 1). Moreover, since prey fitness is a decreasing
function of z, a z∗ > 0 will exist if and only if this fitness is positive
when z = 0 (i.e. if and only if rOp+ rR

(
1− (1−p)x∗

K

)
(1− p) > 0).

In this case, (x∗, z∗) is unique and given by

f (px∗) =
d
k
, z∗ =

kx∗

d

[
rOp+ rR

(
1−

(1− p)x∗

K

)
(1− p)

]
. (3)

This equilibrium is locally asymptotically stable if and only if

F ′(px∗)p2 +
rR
K

(1− p)2 > 0.

In this case, the predator–prey system without a refuge may be
unstable (i.e. F ′(px∗) < 0) but become stable when some prey use
the refuge.

7 There is a second group of models that incorporate refuges into predator–prey
systems. In these, a proportion of the prey population is in the refuge and so prey can
migrate freely between habitats. The stability of these predator–prey systems now
depends on the underlying model. There exist cases in which such a refuge does
not stabilize the predator–prey system (Maynard Smith, 1974), while in others the
system is more stable (Ruxton, 1995; Sih, 1987b), especially if the portion of the
prey population in the refuge either increases with higher predation pressure or
decreases with increasing prey density.
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This latter phenomenonwas also noted byMcNair (1987) in his
refuge model that included an explicit migration term between
habitats in the dynamical system (see also Hochberg and Holt,
1995).8 From our approach, that assumes instead that prey eco-
types spend a fixed proportion of their time in each habitat, this
possibility will occur whenever the predator functional response
f (x) does not depend on predator density and the prey fitness in
the refuge decreases with increasing prey density.
Thus, for ourmonomorphic predator–preymodel, the existence

of a refuge can stabilize a predator–prey system which would be
unstable without the refuge but a stable system without a refuge
cannot be made unstable by including one. We are interested
in whether this result generalizes when there are mutant prey
ecotypes (in the following subsection) andwhen there are twoprey
species (in Section 4).

3.1. The resident-mutant system

Suppose the above resident system (2) has a locally asymptot-
ically stable equilibrium (x∗, z∗) with x∗ > 0 and z∗ > 0 when
all prey are of ecotype p∗ (where 0 ≤ p∗ ≤ 1). Generalizing
the game-theoretic ESS approach (Maynard Smith, 1982) to evolu-
tionary ecology systems, we now ask whether this monomorphic
resident system can successfully withstand invasion by a small
subpopulation of prey with a different ecotype p′.
In the resident-mutant system, let the densities of prey

ecotypes p∗ and p′ be x and x′ respectively. There are then p∗x+p′x′
and (1−p∗)x+(1−p′)x′ prey in the open habitat and in the refuge
respectively. The resident-mutant dynamics is the generalization
of (2) to

ẋ = x
((
rO −

f (p∗x+ p′x′)
p∗x+ p′x′

z
)
p∗

+ rR

(
1−

(1− p∗)x+ (1− p′)x′

K

)
(1− p∗)

)
ẋ′ = x′

((
rO −

f (p∗x+ p′x′)
p∗x+ p′x′

z
)
p′

+ rR

(
1−

(1− p∗)x+ (1− p′)x′

K

)
(1− p′)

)
ż = z(−d+ kf (p∗x+ p′x′)) (4)

which has an equilibrium at (x, z, x′) = (x∗, z∗, 0). In
mathematical terms, we examine the local asymptotic stability of
the equilibrium (x∗, z∗, 0) for the resident-mutant dynamics (4).
When p∗ = 1, rO −

f (x∗)
x∗ z

∗
= 0 but rR

(
1− (1−p∗)x∗

K

)
= rR > 0.

Thus, when (x, z, x′) is close to the equilibrium (x∗, z∗, 0), ẋ′ > 0
for any invading ecotype p′ 6= p∗. That is, ecotype p′ successfully
invades the stable resident system (2) since the density of rare
mutants is initially increasing. Thus, the systemwith all prey in the
open is not stable from an evolutionary perspective.9 In particular,
the ecotype p∗ = 1 is not an ESS since the fitness of individual
residents is less than that of the mutants.
For the remainder of this section, assume that the resident

ecotype is mixed (i.e. 0 < p∗ < 1). If the equilibrium (x∗, z∗, 0)
is stable under all possible invasions, it must be the case that both

8 The phenomenon is well known in experimental ecology as well (Eisenberg
et al., 2000).
9 The analogous resident system with all prey in the refuge (i.e. p∗ = 0) has no
stable equilibrium with z∗ > 0 since predators need prey to survive. However, the
equilibrium at prey carrying capacity (x∗, z∗, 0) = (K , 0, 0) is again unstable from
an evolutionary perspective since, from (4), ẋ′ ∼= x′rOp′ > 0 nearby.
pure strategies of the prey species have a fitness equal to zero.
That is,

rO −
f (p∗x∗)
p∗x∗

z∗ = 0 and (1− p∗)x∗ = K . (5)

To see this, suppose that rO −
f (p∗x∗)
p∗x∗ z

∗ > rR
(
1− (1−p∗)x∗

K

)
. Then

individual prey who use the pure strategy of staying in the open
habitat all the time will have more offspring on average than indi-
vidual prey in the resident population and so a mutant prey sub-
population whose members never use the refuge can successfully
invade the system. By the same argument applied to prey who use
the pure strategy of staying in the refuge all the time, it cannot be
the case that rO −

f (p∗x∗)
p∗x∗ z

∗ < rR
(
1− (1−p∗)x∗

K

)
.10 Thus, at a stable

equilibrium, the prey population must behave adaptively (Abrams
andMatsuda, 1993) in that the fitness a prey receives from living in
either habitat is the same (i.e. rO −

f (p∗x∗)
p∗x∗ z

∗
= rR

(
1− (1−p∗)x∗

K

)
).

From a game-theoretic perspective, evolutionary stability for
mixed ecotypes (i.e. strategies) requires p∗ to be aNash equilibrium
(Maynard Smith, 1982; Hofbauer and Sigmund, 1998) in that no in-
dividual using a different (i.e. mutant) strategy can have a higher
fitness when resident densities are at these equilibrium values.
Furthermore, since (x∗, z∗, 0) is also an ecological equilibrium,

both of these fitnesses must equal 0. Thus, from (3) and (5), the
equilibrium satisfies the following three conditions:

f (p∗x∗) =
d
k
, (1− p∗)x∗ = K , z∗ =

rOkp∗x∗

d
. (6)

There is then only one possible value for p∗ (since x∗ decreases as
p∗ increases from the first equation in (6) but increases from the
second) and so x∗ and z∗ are also unique.
The stability analysis of the equilibrium (x∗, z∗, 0) is no longer

as straightforward since the invading prey ecotype p is initially
selectively neutral. In these circumstances, stability depends on
how well ecotype p∗ does compared to p when the system is per-
turbed slightly from equilibrium. Specifically, it has been shown by
Cressman and Garay (2003b) that a stable resident system resists
invasion if and only if p∗ is locally asymptotically stable for the evo-
lution of themean ecotype of the prey populationwhen population
sizes are restricted to lie on the ‘‘stationary density surface’’. From
the biological perspective, p∗ is locally asymptotically stable if and
only if the resident prey ecotype is more fit than the mutant eco-
type whenever population densities are slightly perturbed along
the stationary density surface (Cressman, 2006).11 From Cressman
and Garay (2003a), this intuition generalizes to evolutionary ecol-
ogymodels the ESS stability condition (Maynard Smith, 1982; Hof-
bauer and Sigmund, 1998) needed for aNash equilibrium to exhibit
evolutionary stability.

10 Holt (1985) applied the same arguments to a predator–prey model where prey
have a single habitat and predators choose between it and a sink. In particular,
he concluded that predators must have the same fitness in both habitats under
the ‘‘optimal’’ habitat selection corresponding to an ideal free distribution that he
assumed was evolutionarily stable.
11 The stationary density surface gives the equilibrium population densities (̂x, ẑ)
for each choice of mean prey ecotype p̂ (Cressman and Garay, 2003b). Since there
is only one mutant ecotype in this section, here this surface is actually a curve in
three-space. In the alternative adaptive dynamics approach (Marrow et al., 1996;
Vincent and Brown, 2005) when pure strategies are taken in a continuuum, it is
typically assumed that the density of themonomorphic resident populations are on
this stationary density surface (through a separation of time-scale for ecological and
evolutionary processes) when studying the evolution of the mean strategy through
its canonical equation.
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Mathematically, the stability analysis of this equilibrium starts
with the linearization of the dynamics (4) about (x∗, z∗, 0). This is

[ ẋ
ż
ẋ′

]
∼= L

[x− x∗
z − z∗

x′

]
where L ≡


∂ ẋ
∂x

∂ ẋ
∂z

∂ ẋ
∂x′

∂ ż
∂x

∂ ż
∂z

∂ ż
∂x′

∂ ẋ′

∂x
∂ ẋ′

∂z
∂ ẋ′

∂x′

 (7)

is the 3×3 Jacobianmatrix.12 By (4) and (5), all entries in the third
rowof L are 0, corresponding to the initial selective neutrality of the
invading mutant ecotype at this equilibrium. Thus, one eigenvalue
of L is 0. The other eigenvalues of L are those of the 2×2matrix in its
upper-left block corresponding to the linearization of the resident
system. This block can be written in the form

∂ ẋ
∂x

∂ ẋ
∂z

∂ ż
∂x

∂ ż
∂z

 = [x∗ 0
0 z∗

]
JRR; JRR ≡


∂(ẋ/x)

∂x
∂(ẋ/x)

∂z
∂(ż/z)

∂x
∂(ż/z)

∂z

 . (8)

From (4) (or (2)), JRR =
[
−
(
p∗
)2 z∗F ′(p∗x∗)− (1− p∗)2

rR
K

−p∗F(p∗x∗)

kp∗z∗f ′(p∗x∗) 0

]
.

In particular, both of these other eigenvalues of L have a negative
real part by our assumption that the resident system is stable.
Since 0 is an eigenvalue of L, linearization of (4) does not de-

termine local asymptotic stability and higher order terms must be
considered that are related to the biologically intuitive ESS stability
condition. Mathematically, this condition is equivalent to verifying
amatrix J constructed in analogy to JRR being a B-matrix (Cressman
and Garay, 2003a,b; Hofbauer and Sigmund, 1998). As outlined in
Appendix A.1, an application of this technique to our model shows
that no mutant prey ecotype can successfully invade a stable resi-
dent system whose equilibrium is given by (6).
To summarize, there is only one choice of prey ecotype p∗ for

which the monomorphic resident system may resist invasion by
mutant ecotypes. If the corresponding equilibrium is stable from
an ecological perspective (i.e. if the resident system is stable), then
it is also stable from an evolutionary perspective (i.e. no mutant
phenotype can invade). Moreover, this resident populationmay be
stable when the predator–prey system with no refuge is unstable,
giving further evidence of the stabilizing effect of a refuge. That
is, the refuge is not only a stabilizing influence for predator–prey
systems from the ecological perspective, it also stabilizes this fixed
ecotype p∗ from an evolutionary perspective.

4. The model with one predator and two prey populations

Before examining the effect of a refugewhen there are two prey
populations, we first introduce a one predator and two preymodel
with no refuge. In order to simplify our model (see Section 2), we
will suppose that there is only apparent competition between the
two prey species (i.e. there are no direct competition effects be-
tween them). One possibility is that these species occupy sepa-
rate habitats.13 Let x and y be the densities of prey species one and
two respectively. Predators now decide which habitat to search for
prey.
In the monomorphic model, it is now the predator which has

an ecotype 0 ≤ s ≤ 1 that specifies the proportion of the time it
spends in the habitat of prey species one (and 1 − s in the habitat

12 All partial derivatives are evaluated at (x∗, z∗, 0).
13 In fact, habitat segregation between alternative prey is one potential result of
shared predation (Holt and Lawton, 1994).
of prey species two). The analogue of (1) for this resident system
becomes

ẋ = x
(
r1 −

f (x)
x
sz
)

ẏ = y
(
r2 −

g(y)
y

(1− s)z
)

ż = z(−d+ k1f (x)s+ k2g(y)(1− s)).

(9)

Here ri is the growth rate of the ith prey population in their habitat
when there are no predators, ki is the conversion factor of the
ith prey to predator fitness, and g(y) is the functional response
of predators to prey species two.14 As before, let F(x) = f (x)

x and
G(y) = g(y)

y .
It is clear there is no interior equilibrium of (9) if s = 0 or s = 1

(i.e. if predators search for only one type of prey) since the other
prey species then grows exponentially. Thus, fix 0 < s < 1 and
suppose that there is an interior equilibrium (x∗, y∗, z∗) of (9). 15As
in Section 3, we will examine the stability of this monomorphic
equilibrium first in the ecological sense for the resident system and
then in the evolutionary sense when the stable resident system is
invaded by a mutant ecotype.
For the resident system (9), the linearization about (x∗, y∗, z∗)

is[x∗ 0 0
0 y∗ 0
0 0 z∗

]
JRR where

JRR ≡

−F ′(x∗)sz∗ 0 −F(x∗)s
0 −G′(y∗)(1− s)z∗ −G(y∗)(1− s)

k1f ′(x∗)s k2g ′(x∗)(1− s) 0

 . (10)

From the Routh-Hurwitz stability conditions (Pielou, 1977),16
(x∗, y∗, z∗) is locally asymptotically stable if both predator–prey
systems with only one prey species present has a stable interior
equilibrium (i.e. if F ′(x∗) > 0 and G′(y∗) > 0). However, there
are cases when (x∗, y∗, z∗) is stable when one of these predator
one-prey systems is unstable. This is the well-documented phe-
nomenon known as the stabilizing effect of apparent competition
(Bonsall and Holt, 2003). That is, even though there is no direct
competition between the two prey species, the presence of the sec-
ond prey population stabilizes a systemwhichwould be otherwise
unstable (in much the same way that the presence of a refuge had
a stabilizing effect in Section 3).
We are more interested in conditions that imply the interior

equilibrium (x∗, y∗, z∗) cannot be successfully invaded by a mu-
tant predator ecotype. Following the notation and approach of Sec-
tion 3.1, denote the resident and mutant predator ecotypes as s∗
and s′ respectively. Also, suppose the resident systemwith ecotype
0 < s∗ < 1 is locally asymptotically stable at (x∗, y∗, z∗). If this

14 Here we use the simplifying assumption that both functional responses depend
only on the densities of one prey species (e.g. f depends only on x). In general, these
responses may depend on both prey densities (van Leeuwen et al., 2007) as well as
on the density of predators. Moreover, our simplified model does not distinguish
between prey handling time and predator digestion time (see Jeschke et al., 2002).
15 If f and g are both convex (respectively, both concave), then there is at most
one interior equilibrium (x∗, y∗, z∗) and, by (10), it is locally asymptotically stable
(respectively, unstable). For example, if f and g are both convex and x > x∗ at
another interior equilibrium (x, y, z), then y < y∗ since ż = 0. Now, from ẋ = 0,
z < z∗ and from ẏ = 0, z > z∗ . This contradiction implies that there is at most one
interior equilibrium (x∗, y∗, z∗).
16 A 3 × 3 matrix L satisfies the Routh Hurwitz stability conditions if its trace T
and determinant D are both negative and | T | M >| D |whereM is the sum of the
three principal 2× 2 minors.
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−F ′(p∗x∗)s∗z∗

(
p∗
)2
−

(1− p∗)2 r1R
K1

0 −F(p∗x∗)s∗p∗

0 −G′(q∗y∗)(1− s∗)z∗
(
q∗
)2
−

(1− q∗)2 r2R
K2

−G(q∗y∗)(1− s∗)q∗

k1f ′(p∗x∗)s∗p∗ k2g ′(q∗y∗)(1− s∗)q∗ 0


Box I.
system is invaded by predators of ecotype s′, the resident-mutant
system dynamics becomes

ẋ = x
(
r1 −

f (x)
x

(s∗z + s′z ′)
)

ẏ = y
(
r2 −

g(y)
y

((1− s∗)z + (1− s′)z ′)
)

(11)

ż = z(−d+ k1f (x)s∗ + k2g(y)(1− s∗))
ż ′ = z ′(−d+ k1f (x)s′ + k2g(y)(1− s′))

since there are s∗z+ s′z ′ and (1− s∗)z+ (1− s′)z ′ predators in the
habitats of species one and two respectively.
Applying the argument in Section 3.1 to the predator ecotypes,

the invasion will be successful (i.e. (x∗, y∗, z∗, 0) is an unstable
equilibrium of the four-dimensional dynamical system (11)) for
an appropriate choice of s′ if k1f (x∗) 6= k2g(y∗). That is, s∗ must
be a Nash equilibrium in order to resist invasion. On the other
hand, if s∗ is a Nash equilibrium (i.e. k1f (x∗) = k2g(y∗) = d),
ecotype s will initially be selectively neutral invaders and so, in
particular, all entries in the fourth row of the linearization of (11)
are 0. Moreover, x∗ and y∗ are determined uniquely from these two
conditions and then, from ẋ = 0 = ẏ in (9), the values of s∗ and
z∗ are also unique.17 The stationary density surface through this
equilibrium is again a curve (i.e. one-dimensional) but now in four-
space. Themathematical details of the stability analysis are given in
Appendix A.2 where the relevant B-matrix calculation shows that
(x∗, y∗, z∗, 0) cannot be successfully invaded by a mutant ecotype.
In summary, we now find that, in our model, apparent com-

petition between two prey populations can stabilize an unstable
predator one-prey system. Furthermore, if the resident system is
ecologically stablewhen the predator ecotype is at its Nash equilib-
rium s∗, this ecotype automatically exhibits evolutionary stability
since no mutant ecotype can invade. This demonstrates that ap-
parent competition is not only able to stabilize ecological systems,
but that such systems are also evolutionarily stable when the res-
ident predator ecotype is fixed at s∗. Evolutionary stability here is
the analog of that summarized for prey ecotypes at the conclusion
of Section 3.

4.1. The effect of a refuge with two prey populations

In this section, we add a refuge to the above model with one
predator and two prey populations. By combining the approach
from Section 3 with the two-prey model, the resident system now
has ecotypes p∗, q∗, s∗ for prey species one, two and predators
respectively. That is, p∗ (respectively, q∗) is the proportion of time
each individual in prey species one (respectively, prey species two)
spends in the open habitat for this species and s∗ is the proportion
of time the predator spends in the open habitat of species one. The

17 Such an equilibrium (x∗, y∗, z∗, 0) will exist if and only if there are prey
population sizes, x and y, such that k1f (x) > d and k2g(y) > d.
resident dynamics are now

ẋ = x
((
r1O −

f (p∗x)
p∗x

s∗z
)
p∗

+ r1R

(
1−

(1− p∗)x
K1

)
(1− p∗)

)
ẏ = y

((
r2O −

g(q∗y)
q∗y

(1− s∗)z
)
q∗

+ r2R

(
1−

(1− q∗)y
K2

)
(1− q∗)

)
ż = z(−d+ k1f (p∗x)s∗ + k2g(q∗y)(1− s∗)).

(12)

Here riO and riR are the intrinsic growth rates of prey species i in
their open habitat and refuge respectively. Also Ki is the carrying
capacity of prey species i in its refuge. We again assume that there
is no direct competition between the two prey populations.
Suppose that (x∗, y∗, z∗) is an interior equilibrium of (12) when

the ecotypes p∗, q∗, s∗ of each of the three species include individ-
uals who exhibit both possible pure strategies (i.e. p∗, q∗, s∗ are
all strictly between 0 and 1). If this equilibrium resists invasion
by all choices of mutant ecotypes p′, q′, s′ for prey species one,
two and predators respectively, then first (x∗, y∗, z∗) must be a
stable equilibrium of the resident system (12). That is, the eigen-
values of the linearization (10) where JRR is now given by the
matrix in Box I, must have negative real parts. Second, from the
evolutionary (specifically, Nash equilibrium) and ecological argu-
ments, both pure strategies of each species must have zero fitness
at (x∗, y∗, z∗). That is,

r1O =
f (p∗x∗)
p∗x∗

s∗z∗, (1− p∗)x∗ = K1

r2O =
g(q∗y∗)
q∗y∗

(1− s∗)z∗, (1− q∗)y∗ = K2

d = k1f (p∗x∗) = k2g(q∗y∗)

(13)

and the mutant ecotypes are again selectively neutral initially.18

The stationary density surface is now three-dimensional and so
the analysis of evolutionary stability for p∗, q∗, s∗ leads to 3 × 3
matrices JRI , J IR, J II (see Appendix A.3). Evolutionary stability is
equivalent to J ≡ J II − J IR

(
JRR
)−1 JRI being a B-matrix (Cressman

and Garay, 2003a,b). From Box I and Appendix A.3, it is clear the
computations needed to verify the B-matrix conditions become
quite difficult for general fitness functions as in (12). Instead, we
illustrate here the new effects of a refuge for our three species
model by an examplewithmathematical symmetry properties that
simplify the calculations.

Example. In the open habitats of prey species one and two, let
the predator functional responses be f (x) = x2 and g(y) = y1/2

18 If f and g are both convex (respectively, both concave), then there is at most
one interior equilibrium (x∗, y∗, z∗) and, by the matrix given in Box I, is locally
asymptotically stable (respectively, unstable) for the resident dynamics (12).
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respectively.19 Notice that f (x) is convex whereas g(y) is concave.
Take k1 = k2 = d = r1O = r2O = K1 = K2 = 1 and r1R = r2R =
r > 0. It is straightforward to confirm that (x∗, y∗, z∗) = (2, 2, 2)
is an equilibrium of (12) when the resident ecotypes are p∗ = q∗ =
s∗ = 1

2 . Furthermore, this equilibrium satisfies (13) and so may
be both ecologically and evolutionarily stable. To investigate these
possibilities, from the equation given in Box I,

JRR ≡


−
1
4
−
r
4

0 −
1
4

0
1
8
−
r
4
−
1
4

1
2

1
8

0

 .

Then, from the Routh Hurwitz stability conditions (Pielou, 1977),
(x∗, y∗, z∗) is ecologically stable for the resident dynamics (12) if
and only if r > 1

5 since this is equivalent to all three eigenvalues
of JRR having a negative real part. Heuristically, r > 1

5 implies
the stabilizing effect of the refuge outweighs the concavity of the
predator functional response to prey species two.
Suppose that this stable resident system is invaded by ecotypes

p′, q′, s′ for prey species one, two and predators respectively
corresponding to prey that spend all their time in their open
habitat (i.e. p′ = q′ = 1) and predators that only search for
prey species one (i.e. s′ = 1). From Appendix A.3, the B-matrix
calculation uses JRR as well as the following three matrices:

J II ≡


−1 0 −1

0
1
2

0

2 0 0

 ; J IR ≡


−
1
2

0 −
1
2

0
1
4
−
1
2

1 0 0

 ;

JRI ≡


−
1
2

0 −
1
2

0
1
4

0

1
1
4

0

 .

With r = 1
2 , J

RR
=


−
3
8

0 −
1
4

0 0 −
1
4

1
2

1
8

0

, (JRR)−1 =
−

8
3

8
3

0

32
3

−
32
3

8

0 −4 0


and J ≡ J II − J IR

(
JRR
)−1 JRI = 1

6

[
−2 −1 2
−4 1 8
4 −6 −8

]
. In particular, J

is not a B-matrix since, for example, one of the diagonal entries
is positive (i.e. J22 = 1

6 ). Thus, the resident system is stable in
this example (since r > 1

5 ) but it can be invaded by the mutant
ecotypes p′, q′, s′.

In fact, since J22 > 0 in the above example, the stable
resident system (12) becomes unstable by introducing onlymutant
ecotypes q′ in prey species two. This contrasts with the two prey
model (9) without a refuge andwith the single preymodel (2) with
a refuge where mutant ecotypes in a single species were incapable
of successfully invading a stable resident system. This is somewhat
surprising since our one-predator two-prey model with a refuge

19 It is unrealistic to expect the predator functional response to have the form
f (x) = x2 for large prey population sizes. However, this can be used to model
sigmoidal Holling III functional responses for the low prey sizes where we examine
the stability of an equilibrium.
would seem to include the two stabilizing features of apparent
competition and a refuge.
It is also possible to provide examples of fitness functions in

our one-predator two-prey refuge model where the stable res-
ident system resists invasion by mutant ecotypes in any single
species (i.e. J11, J22 and J33 are all negative) but becomes unstable
when there is simultaneous invasion by mutant ecotypes in sev-
eral species. Such examples illustrate that evolutionary stability of
an ecologically stable resident system cannot always be verified by
considering amutant ecotype in one species at a time (i.e. consecu-
tive invasions). This point is sometimes overlooked when applying
the evolutionary approach to multi-species systems (c.f. Saleem
et al., 2006).

5. Discussion

In this paper, we study the evolutionary consequences for
predator–prey systemswhen individuals in (someof) these species
have different ecotypes.
In Section 3,we consider a systemwith one prey and one preda-

tor species where the prey ecotype p characterizes the proportion
of time spent in the refuge. From an ecological point of view, we
demonstrate that a monomorphic resident system (i.e. when all
prey have the same ecotype) can be stable with the presence of
a refuge that would otherwise be unstable.20 Here, ecological sta-
bility means that, if densities of given ecotypes are disturbed, then
the ecological dynamics guarantee that these densities will return
to their equilibrium values. However, this ecological property does
not guarantee that the system is resistant against invasion by a
new ecotype (i.e. that the system is evolutionarily stable). For our
one prey and one predator system, we show that there is only one
choice of prey ecotype p∗ forwhich themonomorphic resident sys-
tem may resist invasion by mutant ecotypes. Moreover, when the
corresponding equilibrium is stable from an ecological perspective
(i.e. the resident system is stable), it is automatically stable from
an evolutionary perspective (i.e. nomutant phenotype can invade).
Since this resident population may be unstable when the preda-
tor–prey system has no refuge, we conclude that the existence
of a refuge enhances evolutionary stability as well as ecological
stability.
As examples of biological phenomena which may confirm our

prediction, there is evidence that the daily cycle has an antipreda-
tor function. For instance, the mortality of two species of tropical
damselfish is strongly density dependent during the night when
damselfish are sheltering but not during the day when fish ac-
tively forage (Holbrook and Schmitt, 2002). Moreover, freshwater
shrimp, lake flies and fish larvae studied by Mnaya et al. (2006)
took refuge in the papyruswetland even though the dissolved oxy-
gen concentration there was low. The stability of these examples
(of temporal and spatial refuges respectively) suggest that preda-
tion, as an evolutionary factor,may fix the ecotype for refuge usage.
In Section 4, we consider a system with one predator and two

prey species where the predator ecotype s characterizes the pro-
portion of its time spent searching for a given prey species. If nei-
ther prey species has a refuge, there is only one ecotype s∗ that can
be evolutionarily stable. Here, we find that apparent competition
between two prey populations has an analogous stabilizing effect
as the prey refuge in Section 3. First, the presence of a second prey
species (with apparent competition) can stabilize a resident sys-
tem that would otherwise be unstable. Second, if the resident sys-
tem with two prey is stable with predator ecotype s∗, it remains

20 Similar stability effects of a refuge have been noted elsewhere (Holt, 1977;
McNair, 1987).
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stable under invasion bymutant predators who use a different for-
aging strategy than the residents. That is, apparent competition
also enhances evolutionary stability as well as ecological stability.
If both prey species have a refuge, then all three species have mu-
tant ecotypes. We show, by example in Section 4.1, that a resident
system which is stable under ecological perturbations can now be
successfully invaded by new ecotypes. In particular, ecological sta-
bility and evolutionary stability must be considered separately in
thesemodels combining two biological phenomena (i.e. refuge and
apparent competition)which both, on their own, enhance stability.
Biological systems that combine apparent competition with

refuges are important for pest control and conservation biology as
well. Another application of this methodology is then the analysis
of invadability properties of exotic species. Instead of newecotypes
near the resident ecotypes of the existing species as in the adaptive
dynamics approach that assumes a continuous evolution of traits,
now new species appear in the system having traits far away
from resident ecotypes. Cressman and Garay (2006) give general
theoretical conditions for combined evolutionary and ecological
stability in these situations that have important consequences
for conservation biology and the biological control of pests when
applied to predator–prey systems.
For instance, Courchamp et al. (2000) report on the introduction

of rabbits (which are well adapted to high predation pressure) on
an oceanic island that had a catastrophic effect on indigenous prey
through the sudden increase in the predator population size. This
illustrates that a rapid change in the predator ecotype can have
unforeseen effects on prey species through indirect competition.
Similarly apparent competition has practical applications to the
biological control of pests where it can have serious undesirable
effects as well. For instance, the introduction of a highly host-
specific weed biological agent in Australia led to a large decline
in the local insect communities (Carvalheiro et al., 2008), likely
caused by apparent competition.
These effects become even more difficult for managers to pre-

dict a priori if both prey and predator species are introduced into
an ecosystem. As an example of these complications, an exotic prey
species (feral pigs) introduced in the Californian Channel Islands
provided an abundant food source for golden eagles to colonize
the islands and indirectly caused the rapid decline of the fox pop-
ulation towards extinction (Roemer et al., 2002; Knowlton et al.,
2007). This, in turn, led to an increased density of a spotted skunk
population which was initially competitively subordinate to the
large population of foxes. To reverse this decline of the island fox,
conservation management suggested the relocation of spotted ea-
gles by combining the eradication of feral pigswith the reintroduc-
tion of bald eagles that act as a deterrent to nesting golden eagles
(Roemer and Donlan, 2004).
Our models and results demonstrate how the ESS concept of

Maynard Smith (1982) can be extended to multi-species systems
when fitness functions are density dependent. First, the resident
ecotype must be at a Nash equilibrium (i.e. no mutant ecotype in
any species can obtain a higher fitness than the resident) where
resident densities yield fitness zero to be at the ecological equi-
librium. Moreover, if the resident system is perturbed slightly, an
ecotype corresponding to this Nash equilibrium must have a pos-
itive payoff when the perturbed system is at its ecological equi-
librium. This ecological condition defines the stationary density
surface used in the adaptive dynamics approach to behavioral
evolution (e.g. Marrow et al., 1996; Vincent and Brown, 2005).
This latter approach assumes a fast time scale for the ecological
process compared to evolutionary changes in behavior (i.e. these
processes are said to operate on different time scales) and so is in-
appropriate for our models with ecotypes based on habitat choice
and/or foraging behavior which can change within a single gener-
ation. Instead, we follow the theoretical approach of Cressman and
Garay (2003a,b) that does not require a separation of time scales.
In fact, their methodology can be applied to study the evolution-
ary stability of general ecologically stable resident systems (such as
the multi-species predator–prey systems discussed briefly in Sec-
tion 2), albeitwithmore complex calculations using the techniques
illustrated in the Appendix as the number of mutant ecotypes that
are initially selectively neutral increases.
From the theoretical perspective, invadability of resident sys-

tems by exotic species, by biological agents in pest control, or by
mutants of existing species can be analyzed through combining
ecological stability of the resident ecotypes with game-theoretic
evolutionary stability. These game-theoretic methods, whichmust
consider arbitrary mutant invaders, become especially important
when the resident ecotypes involve amixture of strategies such as,
in our models, the prey distribution between two habitats and/or
the probability of predation on each prey species. Evolutionary sta-
bility then implies that there will be mutant ecotypes, that are ini-
tially selectively neutral, arising from species either currently in
the resident system or not. In both cases, the stability of the evolu-
tionary ecological system is determinedbyhowwell thesemutants
do in the perturbed system after their initial arrival.

Appendix. Stability under invasion bymutants that are initially
selectively neutral

When mutant ecotypes are initially selectively neutral (i.e.
when they have the same fitness as the resident ecotypes) at an
equilibrium of a stable resident system, the linearization of the
resident-mutant dynamics about this equilibrium is guaranteed
to have a zero eigenvalue. Thus, linearization alone does not
determine whether the resident system resists invasion. This
occurs for the three models developed in the main text. Their
respective stability is determined in each of the following three
subsections.

A.1. Stability of an interior equilibrium of the resident-mutant system
of Section 3.1

In Section 3.1, we saw that an equilibrium (x∗, z∗, 0) of the
resident-mutant system (with 0 < p∗ < 1) that corresponds to an
interior equilibrium of the resident system (i.e. an equilibrium of
(2) with both x∗, z∗ positive) where all ecotypes have equal fitness
has an eigenvalue 0 for the linearization (7). That is, linearization
of the three-dimensional resident-mutant dynamical system (4)
about the equilibrium does not characterize stability and so higher
order terms need to be considered. On the other hand, since this
equilibrium is assumed to be locally asymptotically stable for the
resident system, all eigenvalues of JRR defined in (8) must have
negative real part.21

By Cressman and Garay (2003a,b), only certain quadratic terms
in the expansion of the dynamics are needed since it is stability
with respect to the invariant space (x, z, x′) with x′ nonnegative
that is relevant. Specifically, they show that stability is now
determined by the matrices JRR, JRI , J IR, J II defined in analogy

21 We ignore the degenerate case where JRR has an eigenvalue with a zero real
part.
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J II =


−F ′s∗z∗

(
p′
)2
−

(
1− p′

)2 r1R
K1

0 −Fs′p′

0 −G′(1− s∗)z∗
(
q′
)2
−

(
1− q′

)2 r2R
K2

−G(1− s′)q′

k1f ′s′p′ k2g ′(1− s′)q′ 0



J IR =


−F ′s∗z∗p′p∗ −

(
1− p′

)
(1− p∗)r1R
K1

0 −Fs∗p′

0 −G′(1− s∗)z∗q′q∗ −

(
1− q′

)
(1− q∗)r2R
K2

−G(1− s∗)q′

k1f ′s′p∗ k2g ′(1− s′)q∗ 0



JRI =


−F ′s∗z∗p′p∗ −

(
1− p′

)
(1− p∗)r1R
K1

0 −Fs′p∗

0 −G′(1− s∗)z∗q′q∗ −

(
1− q′

)
(1− q∗)r2R
K2

−G(1− s′)q∗

k1f ′s∗p′ k2g ′(1− s∗)q′ 0


Box II.
to (8) as

JRI ≡


∂(ẋ/x)

∂x′
∂(ż/z)

∂x′

 , J IR ≡
[

∂(ẋ′/x′)
∂x

∂(ẋ′/x′)
∂z

]
,

J II ≡
[

∂(ẋ′/x′)
∂x′

]
(14)

Specifically, (x∗, z∗, 0) is locally asymptotically stable if and only if
J ≡ J II − J IR

(
JRR
)−1 JRI is a B-matrix.22

From (4), J II = [−(p′)2z∗F ′(p∗x∗) − (1 − p′)2 rRK ], J
IR
=

[−p′p∗z∗F ′(p∗x∗) − (1 − p′)(1 − p∗) rRK p′F(p∗x∗)] and JRI =[
−p′p∗z∗F ′(p∗x∗)− (1− p′)(1− p∗)

rR
K

p′kz∗f ′(p∗x∗)

]
. A straightforward but tedious

calculation yields J =
[
−kz∗F ′(p∗x∗)f ′(p∗x∗)(p∗ − p′)2 rRK

]
and so

J is a B-matrix since F ′ and f ′ are both positive when the resident
system is stable.

A.2. Stability of an interior equilibrium of the resident-mutant system
of Section 4 without a refuge

Following the B-matrix approach of Appendix A.1 applied to
(11), we have

JRI ≡


∂(ẋ/x)

∂z ′
∂(ẏ/y)

∂z ′
∂(ż/z)

∂z ′

 , J IR ≡
[

∂(ż ′/z ′)
∂x

∂(ż ′/z ′)
∂y

∂(ż ′/z ′)
∂z

]
,

J II ≡
[

∂(ż ′/x′)
∂z ′

]
. (15)

Then, (x∗, y∗, z∗, 0) is a locally asymptotically stable equilibrium
of (11) if and only if J ≡ J II − J IR

(
JRR
)−1 JRI is a B-matrix.

22 Here J is a 1 × 1 matrix and so J is a B-matrix if and only if its only entry is
negative (Hofbauer and Sigmund, 1998). This result ignores the case when J is the
zero matrix which is analogous to JRR having an eigenvalue with zero real part (see
Cressman and Garay (2003b) for details).
From (11), J II = [0] , J IR =
[
k1s′f ′(x∗) k2(1− s′)g ′(y∗) 0

]
and

JRI =
[
−s′F(x∗)

−(1− s′)G(y∗)
0

]
. A straightforward but tedious calculation

yields J =
[
−k1k2z∗F(x∗)f ′(x∗)G(y∗)g ′(y∗)(s∗ − s′)2

]
and so J is

a B-matrix.

A.3. Stability of an interior equilibrium of the resident-mutant system
of Section 4.1 (with refuge)

When (12) is invaded by ecotypes p′, q′, s′ for prey species
one, two and predators respectively, the resultant resident-mutant
system dynamics is

ẋ = x


(
r1O −

f (p∗x+ p′x′)
p∗x+ p′x′

(s∗z + s′z ′)
)
p∗

+ r1R

(
1−

(1− p∗)x+ (1− p′)x′

K1

)
(1− p∗)



ẋ′ = x′


(
r1O −

f (p∗x+ p′x′)
p∗x+ p′x′

(s∗z + s′z ′)
)
p′

+ r1R

(
1−

(1− p∗)x+ (1− p′)x′

K1

)
(1− p′)



ẏ = y


(
r2O −

g(q∗y+ q′y′)
q∗y+ q′y′

((1− s∗)z + (1− s′)z ′)
)
q∗

+ r2R

(
1−

(1− q∗)y+ (1− q′)y′

K2

)
(1− q∗)



ẏ′ = y′


(
r2O −

g(q∗y+ q′y′)
q∗y+ q′y′

((1− s∗)z + (1− s′)z ′)
)
q′

+ r2R

(
1−

(1− q∗)y+ (1− q′)y′

K2

)
(1− q′)


ż = z(−d+ k1f (p∗x+ p′x′)s∗ + k2g(q∗y+ q′y′)(1− s∗))

ż ′ = z ′(−d+ k1f (p∗x+ p′x′)s′ + k2g(q∗y+ q′y′)(1− s′)).

(16)

The matrices J II , J IR, and JRI are now (with the convention that
F ′ = F ′(p∗x∗) and G′ = G′(q∗y∗) etc.) given in Box II.
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